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PREFACE. 

To intelligently perform his work, an artizan must have a 
knowledge of Elementary Mathematics. When he comes to 
appreciate this fact for himself the workman generally finds 
that even the arithmetic he learnt at school has left him, and 
that he remembers little more than four simple rules and the 
multiplication table. Teachers soon discover that though 
anxious to learn, a student of this kind does not wish to lose 
contact with the practical requirements of the workshop, — 
he is impatient of " pure " mathematics, — so the question arises 
how to teach him mathematics enough, by dealing with the 
calculations themselves which he is actually called upon to 
make at his work. 

The plan which is found most successful is a compromise. 
It is useless to say that all students ought to learn the broad 
principles of mathematics first, and apply them afterwards. 
Experience has proved that most artizans will not attend 
classes where the authorities decide that this is the only 
course. 

To meet the difficulty classes in Workshop Arithmetic, 
Workshop Calculations and Practical Mathematics, have grown 
up, and it is to provide for young workmen beginning to attend 
one of these classes that this little book has been prepared. It 
will form with its sequel an introduction to my larger volume 
on "Practical Mathematics" which has been received very 
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favourably, and will, I trust, prove serviceable to a class of 
students who deserve every assistance. 

A long experience in my own classes has convinced me that 
the solution of a large number of carefully graduated exerdses 
of a practical kind is the best way to maintain the interest of 
the student. It will consequently be found that the most 
prominent characteristic of the present book, and of the supple- 
mentary part, is the subordination of rigid mathematical proof 
to the provision of numerous problems drawn from the student's 
everyday experience. 

FRANK CASTLE. 

London, July, 1900. 
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CHAPTER I. 

SIGNS OR SYMBOLS OF OPERATIONS. PRIME NUMBERS, 
FACTORS. POWERS, MEASURES, G.C.M., L.C.M. 

The student who is not already familiar with the symbols or 
signs of operations used in Arithmetic, will find they are labour- 
saving and very convenient. It is, therefore, advisable to 
become acquainted with them as soon as possible. It is hoped, 
however, that the majority of the symbols which will be intro- 
duced as required in the following pages are already known ; if 
this is not so, they should be employed on all possible occasions 
until they can be used quickly and accurately. 

Signs of Operation : Addition.— The sign + (called plus) 
indicates that the number before which it is placed is to be 
added to the number in front of it. Thus 4-1-5 means that 5 is 
to be added to the number 4; also 4-1-5-1-7 means that 7 is to 
be added to 5, and then 4 to the result, or, simply the three 
numbers are to be added together. 

The sign = is used as an abbreviation of the words " is equal 
to," or simply " equals." Thus 4 -h 5 -h 7 = 16 is read as 4 plus 5 
plus 7 is equal to, or equals, 16. 

Subtraction. — ^The sign — (called minus) is the sign of sub- 
traction, and indicates that the number which follows it is to be 

W.M. I. A 



2 WORKSHOP MATHEMATICS. 

taken away, or subtracted from, the number which is placed 
before it. 

Thus 12-4 (read as 12 minus 4) means that 4 is to be sub- 
tracted from 12 ; hence 12-4 = 8. 

Multiplication. — When one number is multiplied by another 
the sign X is placed between the numbers; thus 6x4 means 
" 6 multiplied by 4," or 6 times 4, or the product of 6 and 4. 

From Fig. 1, where 4 rows of dots are arranged, each row 
containing 6 dots, the result of multiplying 6 by 4 can be ob- 
tained by the simple process of addition, 

and the process of multiplication is thus 

seen to be a brief and concise method of 

adding a given number several times to 

itself. Although this method can be used 

Fia. 1.— To show that when the numbers are small, it would be 

6x4=4x6. ^ ygpy troublesome process with large 

numbers. 

Again, as in Fig. 1, there are 6 vertical rows of dots each 

containing 4, the total number of dots is the product of the 

numbers 6 and 4, or 6 x 4 ; similarly, there are 4 horizontal rows 

each containing 6, and the product is 4 x 6 ; hence 4x6=6x4. 

The number 6 preceding the sign of multiplication, x , is 
called the multiplicand ; the number 4 following it is called 
the multiplier ; and, as has been seen, the final result is called 
the product. Moreover, since 6x4 = 4x6, the multiplicand 
and multiplier are seen to be interchangeable. The two 
numbers themselves are called the factors of the number 
denoting the product. 

Division may be indicated by placing the symbol -r between 
two or more quantities. Thus, 8-^2 = 4 (which is read as 8 
divided by 2 is equal to 4 ; or, 2 into 8 is 4). Such division is 
often expressed by writing the two numbers in a fractional 
form, as f =4. 

The number preceding the sign of division, -^, is called the 
dividend ; the number following it is called the divisor ; and 
the result, when the operation indicated by the sign is per- 
formed, is called the quotient. 

In this way it is seen that the signs or symbols of operations 
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give definite information, enabling operations and results to 
be written in a brief and clear manner. 

All these operations may be summarised by the following 
simple examples : 

4 + 5 = 9; 12-4=8; 

5x6=30; 8-7-2, or f=4. 
Prime Number. — ^Any number which is divisible by no other 
number except unity is called a prime number ; thus 1, 3, 5^ 
etc., are prime numbers. 

Meaksure, Multiple, or Factor. — ^A number which divides 
an exact number of times into another number, is said to be a 
measwre or factor of the latter ; it is also called a mb-^mndtiple 
of that number. 

14 = 7x2. 

Either 2 or 7 will divide the given number 14 without a 
remainder, hence either of these numbers is said to be a measure 
of 14. 

21-4-3 = 7. 

Since 3 divides into 21 without a remainder it is said to be 

a meamre of 21. 
These examples suggest a rule which may be stated thus : 
RuLB. — If in the division of one number by another there is no 

remainder^ the divisor is a measure of the dividend. 

Factors. — ^The two numbers 2 and 7, or 3 and 7 in the above 
examples, are both said to be factory of 14 and 21, because 
when multiplied together they give the numbers 14 and 21 
respectively. 

Squares and Cubes. Powers. — When a number is multiplied 
by itself the result is called the square or the second power of 
the number. Thus the square of 3, or 3 x 3, is 9, and the square, 
or second power, of 4 is 4 x 4, that is, 16. 

When three numbers of the same kind are multiplied together 
the result is called the cube or third power of the number ; thus, 
the cube of 3 is 3 x 3 x 3, that is, 27. The cube of 4 is 4 x 4 x 4 
or 64. 

In the same manner, the result of multiplying four numbers 
of the same kind together is called the fourth pmaer. Thus, the 
fourth power of 4 is 4 x 4 x 4 x 4, that is, 256. 



WORKSHOP MATHEMATICS 



PART I. 



BY 

FRANK CASTLE, M.I.M.E. 

MECHANICAL LABORATORY, ROTAL COLLKOE OF SCIENCE, SOUTH KENSINGTON. 

LECTURER IN MATHEMATICS, PRACTICAL GBOMBTRT, MECHANICS, ETC., 

AT THE MORLEY COLLEGE, LONDON 



J£,oxihoxi 
MACMILLAN AND CO., Limited 

NEW YORK : THE MACMILLAN COMPANY 
1900 

All rights reserwd 



6 WORKSHOP MATHEMATICS. 

Find the g.cm. of the following sets of numbers : 

3. 306, 357 and 504. 4. 420 and 480. 

5. 5777 and 7261. & 40991 and 48151. 

7. 23760 and 26136. 8. 6023 and 15466. 

9. 14938, 23474 and 32010. 10. 116039, 122067 and 137137. 

11. 7560, 27720 and 108108. 12. 15496 and 12665. 

la 10058, 4982 and 9823. 14. 8775 and 12025. 

15. 27531 and 8740. 16^ 2301 and 3717. 

17. 4781 and 6147. 18. 7535, 11645 and 6165. 

19. 2622, 2793 and 2736. 20. 28266^ and 40299. 

21. 1019527 and 1231845. 22. 75582, 42237 and 5103. 

23. 24057 and 3645. 24. 3024, 4752 and 7488. 

25. 17255 and 14161. 26. 13536 and 23148. 

Least Common Multiple. — When a number contains another 
rntmber an exact nwmher of times, the first rmmber is called a 
rmdtiple of the second. Thus, 15 is a multiple of 3 and 5 ; 12 is a 
multiple of 3, 4, and 6. 

The smallest nwmher which is divisible by each of two or more 
given numbers is called the Least Common Mvltiple of the given 
numbers, and is usually written l.c.m. 

One method which may be used to find the l.c.m. of two or 
more given numbers is to split up the numbers into their 
prime factors. 

Having obtained the factors, select the highest powers of 
each prime factor which occurs in these products ; by multi- 
plying these highest powers together the l.c.m. is obtained. 

£!x 1. Find the l.c.m. of 42, 56 and 63. 
Here 42=3x7x2, 

56=8x7=28x7, 

63=9x7=3^x7. 
The highest powers of 2, 3, and 7 that occur are 2^, 3^ and 7. 
Hence the l.c.m. =2* x 3*"x 7 

=8x9x7=504. 

A very convenient and expeditious method of finding the 
prime factors of numbers, the l.c.m. of which is required, is 
as follows. 

Arrange the given numbers in line, separating them by 
commas. 
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Divide the numbers by any factor which 2 ) 42 56 63 
is a factor of two or more of them. « \ o| og go 

Thus, in solving the above example by this >r * - 

method, first, dividing by 2, next by 3, and 7 ; 7, 28, 21 
finally by 7, we obtain in the last line the h 4, 3 

numbers 1, 4, 3. 

The L.C.M. is the product of the numbers in the last line and 
the numbers which have been used as divisors. 
.'. L.c.M. = 2x 3x7x4x3 
= 504. 

When the given numbers are large, a similar method of 
arranging the numbers in line may be employed, but the g.c.m. 
of the numbers must be used as the divisor. 

Ex, 2. Find the L.C.M. of 3024, 4752 and 7488. 
In this case the O.O.M. as on p. 5 is 144 ) 3024, 4752, 7488 

found to be 144. Dividing by the g.c.m. 3T21 S3 52 

"^'"^ ~~7, li; 52 

L.C.M. = 144x3x7x11x52= 1729728. 



we obtain : 



Referring to the preceding example, it will be evident that 
the process adopted in both examples is the same. In the 
first of the above examples 7 is the g.c.m. of the three numbers 
42, 56 and 63, and dividing by the g.c.m. the factors are 2^ 
and 32. 

The G.C.M. of the two numbers contains all the prime numbers 
and powers of prime numbers common to the two numbers. 
Hence to find the l.c.m. we have the rule : Divide the product of 
the numbers by their g.c.m. 

In applying this rule the convenient method when two num- 
bers are given is to divide the g.c.m. into one of the numbers and 
mvltiply the quotient by the other number. 

Ex, 3. Find the l.c.m. of 2145 and 1287. 
In the usual way we find the g.c.m. =429. 
Hence L.aM. =^^ x 2145=6435. 

As the L.C.M. may be obtained by dividing the product of 
two numbers by their g.c.m., the product of two numbers is 
equal to the g.c.m. of the numbers multiplied by their l.c.m. 
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This can easily be understood .by referring to Ex. 3, or by 
writing the problem as an ordinary division sum, thus : 

G.c.M. ) Product of two numbers ( l.c.m. 
To prove a division sum the dividend is multiplied by the 
divisor, hence it is seen that 

o.c.M. X L.C.M. = Product of two numbers. 

An old rule for finding the l.c.m. of three or more numbers 

«iay in some cases be used with advantage. The rule is : Find 

the L.C.M. of two of the numbers, then proceed to find the l.c.m. 

of the third number and the l.c.m. already obtained, and so on. 

Ex, 4. Find the L.C.M. of 42, 56, and 63. 

The G.CM. of 42 and 66 is 14. The L.C.M. is f f x 56= 168. 

The G.CM. of 168 and 63 is 21. 

.-. L.C.M. is Y^ X 63=504. 

Ex, 5. Find the g.c.m. and l.c.m. of 1920 and 756. 
1920=2 x2x2x2x2x2x2x3x5 
756=2x2x3x3x3x7. 
The G.c.M. is the product of the common factors 

2x2x3 = 12. 
The L.C.M. = 1920 x 756^ 12= 120960. 

EXERCISES, n. 

Find the Least Common Multiples of 
1. 15, 20, 24, 30. 2. 44, 48, 96, 52. 

a 90, 66, 42, 30, 11. 4. 126, 27, 24, 180, 136. 

6. 165, 198, 270. 6. 192, 204, 272. 

7. 3024, 4762, 7488. 8. 132, 165, 220. 
9. 386, 231, 165, 106. 10. 555, 1221, 2035. 

11. 4781, 6147. 12. 7535, 11645. 

13. 5713, 5771, 6467. 14. 78, 84, 90. 15. 132, 161, 168, 253. 

16. When is one number prime to another Ik Find the o.cm. and 
L.C.M. of 7560, 27720 and 108108. 

17. State the arithmetical rule for finding the Least Common 
Multiple of three or more numbers. Find the smallest number 
which when divided by 12, 15 and 18 gives remainder 1 in each 



18. What is the L.C.M. of two numbers? Find the least sum of 
money that can be exactly distributed either in half-crowns or half 
guineas. 
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19. Resolve 2310, 6552 and 2165 into their prime factors and 
thence deduce their l.cm. 

Find the l.o.m. of 

20. 40, 42, 44, 48. 21. 198, 495, 2475. 22. 18, 51, 34, 7, 30. 
23. Find the o.aM. and the l.c.m. of the numbers 15496, 12665. 
21 Find the g.c.m. and L.O.M. of 123, 147. 

25. Find the L.C.M. of 959, 3973, 2329. 

26. Find the o.cm. of 27781, 23507. 

27. Find the L.C.M. of 20, 12, 15, 18, 4; and the g.c.m. of 702, 
1368, 1944. 

Summaxy. 

The signs of operation are + (addition), — (subtraction), X (multi- 
plication), ^ (division), and = (equals, or equal to). 

Prime nnmbera are those numbers which are divisible by no other 
number except unity. 

Measure or Factor. — A number contained an exact number of 
times in one or more numbers is said to be a measure or factor of 
those numbers. 

Powers. — When a number is multiplied once by itself the result is 
called the square or second power of the number. When multiplied 
twice by itself the product is called the cube of the number. 

Index. — A small number near the top and on the right of a given 
number is called the index, or power of the number. Thus the 
square, cube, and fourth power of 2 would be indicated by 2^, 2^, and 
2* respectively. 

Greatest Common Measure.— The greatest number which is con- 
tained an exact number of times in each of two or more given 
numbers is called their o.o.m. It ifi often also called the Highest 
Common Factor, or H.C.F. 

Least Common Multiple. — The smallest number which contains 
each of two or more numbers is called the Least Common Multiple, 
or L.C.M., of the numbers. 



CHAPTER II. 

VULGAR FRACTIONS. 

Fractions. — Suppose that any unit (such as a rod one yard 
long) is divided into three equal parts ; each of these parts is 
called one-third (J) of the whole, and two of these parts together 
make two- thirds (g). Each of these quantities, J, §, is called a 
fraction. A fraction may thus be defined as a part or parts of a 
whole. 

The section of Arithmetic dealing with the subject of fractions 
is very important, and should receive the best attention of the 
student. In Fig. 2 one end of an ordinary foot-rule {\ yard) is 
shown. The distance between a and 6 or 6 and e (which repre- 
sents an inch in each case) is divided into 8 or 10, and on some 



a c b f d e 

FkOb 8.— Showing one end of a scale of inches and fractions of an inch. 

scales into 12 or 16 equal parts. Such a rule or scale, which every 
student is supposed to possess, is a useful instrument with which 
to illustrate the four operations of Addition, Subtraction, Multi- 
plication, and Division. Consider any length on your scale, 
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such as from 5 to /, the third division towards e. This length 
is spoken of as three-eighths of an inch, and is written §''. The 
number below the line is called the deaamisstor of the fraction, 
and indicates the number of parts into which the unit has been 
divided. The upper number of the fraction, in this case 3, is 
called the numerator of the fraction, and expresses the number 
of parts, in this case eighths, which have been taken. Or, 
expressed in another way, 

.gj^__ ^. numerator 

Fraction = j = — r — • 

denominator 

When the numerator and denomiTicUor of a Jractimi are each 
mvZtiplied or divided hy the same number, the value of the fraction 
is unaltered. Thus, for example, if we multiply both the 
numerator and the denominator of our fraction f by 2, we 
obtain as a result the fraction ^. This simply indicates that 
the unit ah (Fig. 2) is divided into sixteen parts instead of eight. 
Each part is therefore twice as small as before, and in order to 
obtain a fraction equal to the original fraction, twice as many 
of these smaller pai*ts must be taken, Le, 6. 

By such simple methods as those suggested, it should be 
possible to easily understand the above propositions. 

Addition, Subtraction, and Comparison of Fractions.— 

To add, subtract, or compai-e fractions having the same 
denominators, it is only necessary to add, subtract, or compare 
the numerators of such fractions. When the denominators are 
not alike the fractions under consideration must first be reduced 
to equivalent fractions, each having the same denominator. 

Thus, to add -^ and ^ of £l together, since the 7 and 
the 6, in the numerators of the fractions, indicate the number 
of shillings concerned, the answer is 13 shillings or \^ of a 
pound ; by subtracting one from the other we should get ^ of 
£1. 

If we wish to add | and ^ together we cannot proceed in 
the same way because there are 7 things of one kind and 3 of 
another. We must proceed to make the fractions represent 
things which are of the same kind, and when this is done the 
addition of the two fractions can be eflfected. Hence, we first 
make J into \^ by multiplying numerator and denominator 
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by 2, then by adding the numerators of the fractions we obtain 
JJ. This simple example shQuld be verified by the foot-rule. 

Improper Fractions. — ^Those fractions in which the numerator 
is not less than the denominator are called Improper fractions. 

Any whole number can always be expressed in a fractional 
form, thus 6 = ^=^=^, etc. 

A Mixed Number is a number consisting partly of a whole 
number and partly of a fraction ; such numbers as 3J, 5J, 6J, 
etc., are called mixed numbers. 

The mixed number 6 J indicates 6+ J, and to represent this in 
a fractional form, 6 is expressed as a fraction with denominator 
9, thus x = ^ J to tliis add ^ and we obtain 6J=^. 

In a similar manner any mixed number may be expressed as 
an improper fraction. 

Much trouble is frequently avoided in the addition and 
subtraction of mixed numbers by adding or subtracting the 
whole numbers first. In multiplication and division it is 
always advisable however to first reduce to improper fractions. 

Ex. 1. Find the value of Sj + 1 + 1 - ^. 
As 1^ = 1 J we have : 

elo-l^O.*- 74 — Qi,li4i4_ 74 
o^ + 1 6^ + T T15T — y + 3^+6+T T15T 

_Q I 35 I 84 I 60 74 

- y + TJTS ^ TUB + TTJTT ~ TITB 
_Q 1 179-74 

^n ■ 105 
= 10. 

Ex, 2. Find the value of | - ^ + /^ " A " §• 
L.C.M. of the denominators is 48. 
Hence the given fractions may be expressed 

40_6ilO 9 3 2 3_1 

Ex, 3. Find the value of i + |- J + | - tV " A- 
The given fractions, all with a denominator 24, are equivalent 
to the following, 



12il8_4i9_2_7 



or better written as 



12 + 16-4 + 9-2-7 _ 24 _ 
24 24"*' 
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The arithmetical work involved in the addition, subtraction, 
or comparison of fractions, is in practice often considerably 
lessened by dealing with two or three of the given fractions 
at a time. When this has been done, and the fraction in its 
lowest terms representing the sum or diflference of two or three 
of the terms has been obtained, proceed to add or subtract the 
remaining quantities. 

Ex. 4. Find the value of 

ia.ij.i_7_6_ 1 ilO 
^ + ^ + T F F TIF + TJ- 

Here "S" + T "" F ~ F> 

also if = i and f + i-; = 0. 

The given fraction thus becomes 

s \J5 aiid F Try — TT7> 

In the last example, it will be noticed that by dealing with 
the fractions, three at a time, the arithmetical work is less than 
would be necessary if the l.c.m. (120) of all the denominators 
had been used. 

EXERCISES, m. 

Subtract 

L 2&\i from 3l|i. 2. rk from 2^. 

3. 23|^ from 32||. 4 l^U from 11^. 

6. Prove from the definition of a fraction that ^ "" iir ~ f* State 
in words the rule that you deduce for the addition or subtraction of 
fractions with unlike denominators. 

a Find the value of i + |-TT + l^~il-|f- 

7. Find the greater of ^^ and y^, and divide xf ^7 t^eir 
difference. 

8. Add together \j \ and yV- I>raw a figure to illustrate the 
manner in which the difficulty of the addition of fractions with 
unlike denominators is surmounted. 

9. Find a number such that, if one twenty -fourth part of it be 
taken away, the remainder is 253. 

10. Arrange in order of magnitude the fractions \^, f , f ^, J-. 

11. Add together 2\, 3f > sf* Explain why fractions are reduced 
to a common denominator in addition. 

12. What is meant by (a) the numerator, (h) the denominator of a 
fraction ? Prove that t = f , and add together y^ + y^ + 1?V 
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Add together 

13. 7> T> T *^<i "JT* 14. %> 1tt> %T *°<i TF' 

15. 5^^, 2x7, "sij- and -yj-. 16. Syiy, 3^-j-, 6^ and xr* 

17. 3f , iJ, if and f 18. 2|, ^, Sf and ^, 

19. 4A. 2M» 3i and A- 20. 2f , A, S^ and |. 

21. l^nr* 2^-f, :gnr a^^d ly^. 22. 4x^> ^> 1 st and yy. 

23. What is the difference between the sum of |- + 7^ and the sum 
of| + f? 

24. Find the sum of 4^, Syj, 1 A- 

25. What number added to §^ + yf will make 3^^ ? 
Find the difference between 

26. l-J + i-landi + i + l + i 

27. l+i + i + randi-i + i-i. 
Find the value of 

28. ^ + y--T- + T IIF + T- 29. T + TIT + Tff + TT + ^Tr-Tlf 
30. 7 + T + l + T^7-i 31. Subtract i§ from T^ of 2t^. 

Multiplication of Fractions. — To midti'pLy a fraction hy any 
whole number, either miUtiply its nv/merator hy the nvmber, or 
divide its denomiruUor hy the number. Thus, suppose the fraction 
is I and we require to multiply this by 4 As already explained 
J means that the unit is divided into 8 equal parts and 3 of 
these equal parts are taken. But 3 such parts multiplied by 4 
will give 12 parts, that is, 12 eighths of the unit, 

It is easy to prove this by reference to the scale of inches (Fig. 
2), and also to show that the result would be the same if, 
instead of miiltiplying the numerator by 4, the denominator 
were divided by that number. 

Again, -^ reduced to its lowest terms by dividing both 
numerator and denominator by 4, becomes f ; but this result 
would also be obtained if the denominator of the fraction f 
were divided by 4. 

It will also be obvious that the process of multiplying a 
fraction by any whole number is the same as adding together a 
corresponding number of fractions, the denominators being the 
same in each case. 

dVx3=A+5V+/T»orH-=l. 
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The result, which may be obtained either by multiplying the 
numerator of the fraction by 3, or dividing the denominator by 
that number, is the same. 

Division of Fractions. — To divide a fraction hy a whole 
number y either divide the numerator hy the number, or mvXtiply 
the denominator by it. 

To divide the fraction f by 4. 

As shown on p. 11, |=M, the latter fraction meaning that the 
unit is divided into 32 equal parts and 12 of these parts are 
taken ; dividing these 12 parts by 4 we obtain three such parts ; 

••• 1-5-4=^; 
This again should be verified by means of a foot-rule. 

Divide if by 4. 

Dividing the numerator by 4 we obtain the fraction ^, or, 
multiplying the denominator by 4, the fraction becomes ^, and 
this when reduced to its lowest terms gives the same value as 
before. 

To multiply a fraction by a fraction.— The rule is : Multiply 
the numerators together to obtain the numerator of theproduetj and 
the denominators to obtain the denominator of sueh product. This 
can be shown to be true in any particular case in the following 

^^^ * I X J, or as it is sometimes written J of J. 

Using the scale of inches (Fig. 2), as the distance from a to 6 is 
the unit, the distance ac will be represented by i. But we are 
directed to take f of this distance, 
and I of this half unit is ^ of the 
whole distance; hence | of J=^. 

Toshowthat^of f=^j. 

This may be done in a similar 
way to the above, or as follows : 

Construct a square A BCD of side 
equal to 6 units of length (Fig. 3). 
Divide the base BC into 5 equal 
parts and through the points of 
division draw lines at right angles 
to BO as shown. Divide AB into 
3 equal parts. Then AMNE is \ of ABFE, But ABFE is f of 
the square ADCB, Hence AMNE is J of § of the square 
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Fia. 8.— To show that 
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ABCD, But from the figure, since the square is divided into 
15 equal parts, and AMNE contains 8 of these parts, hence 
AMNE=^ ADCB, 

•• *off=A. 

When three or more fractions have to be multiplied together 
the product of all the numerators and of all the denominators is 
obtained, these results are used as the numerator and denomin- 
ator respectively of the required fraction. 

xr^ X ^4— 4 — "• 

Cancelling. — In the above example, by cancelling common 
factors the work is performed in a simpler manner than by 
attempting to multiply all the numerators together to form a 
new numerator, and the denominators together to form a new 
denominator. Wherever possible it is advisable to write down 
all the terms, and before i^ultiplying or dividing to cancel the 
common terms in both numerator and denominator. 

Division of a fraction by a fraction.— 7b divide one fractum 
hy another invert the divisor and multiply the other fraction by it. 
Since division is the reverse of multiplication, J divided by f 
(written J-r|), means such a fraction which when multiplied by 

3x8 3 

I will give as a result f, and the number is ^ — 5=T> or 3. 

Simplification of fractional ezpre8sion8.-^The simplification 
of fractions, although in some cases rather tedious, is of great 
importance. The following examples will serve to illustrate 
some of the methods adopted : 

Here the equivalent fractions become i*^+A+A = if, and 
the sum |f is obtained by adding the numerators. 

Ex, 1. Which of the two fractions 7 and \ is the greater? 
The first is equal to f|^, the second to ^^ 
Hence the first is the greater. 

Ex, 2. Find the value of | of 6f of }y. 

Here, -g- of 6y of -5-7- = t ^ -^ X yy 
_ 60 _« 
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~ IT T^ IT ~ TIT TTTT ~ inr "T TTT 



Ex.Z. Simplify , \ ^T ^ , 1^, = , ^^ , ^I^ , ^^ 
111 a+6 

1 I 1 1 1 36+10+45 
^TT + T^ + TIT T^TJ 

_ 720X8 _ 64 
90X91 "~ 91' 

JE^o:. 4. Simplify TT of (AV " ^ fenA) ^j (42 _ gi + ^V)- 

9y/41_9 9\ 

TT ^ VTF? t it? ~ T9 ; V /'o 7 _ l\ 
17 13 ^ \^1^ ^/ 

T¥""TT 

- TT ^ VFT T ^/ y 1 1 
~ 119-117 ^5' 



_ ^ ^ (If ~ A) ^ 7 X 18 .. 4 

9 -It- 



exercises. IV. 

1. Explain what is meant by the statement that |- is three times 
as ffreat as -^t ; ^^so give a definition of multiplication which shall 
include the multiplication of one fraction by another. 

2. State and explain the rule for the division of fractions. 
Divide SSy by 7|t» *^^d bring the result to its lowest terms. 

3. Find the quotient of |- divided by Ixt* a-iid divide the result 
byA- 

4. Multiply together 8^ of 1t\, ^ and 3^ of llj^. 
6. Divide 10^1 by 6^ and the result by S^f. 

6. Divide the difiference between 4f f and l^^ by the sum of 2 J 
and if. 

7. (i) Multiply together l|, 3^, 1^, and ^. (ii) Divide 2^ 
by 8f 

8. Divide 2t\ + 2|i - 3 A by 2 A + 3^ - 4^ 
Simplify 

9. M^ - ^' 10. U of 2| of 3f of 4|. 
11. ¥+|-A + Tff-ll- 12.2|ofl3fof7^-i. 

W.M. I, B 



18 WORKSHOP MATHEMATICS. 

Simplify 

13. |ofT^of26. 14. T^of2iof^of 10^-:j^. 

16. ?#7^. 16. (3| + 2^H-5i)x2|of llf-^. 

l_l 1_1 1_1 ol _*«»!« 

F + T T + T T + 5^ lfOf35 + 5 

,14. » *T + 3| ^ ,1.1 6^ + lOj 

a. (i)f-i+^-A+T; 

(ii) A of ^7r~J^ of (4f - 2i + ^). 

Find the value of 

5| - 3 A „q1 o« 2 | of Ij^ - '^ ^ g 2 

24. (2j of 5f ) + (3i of 9i) - lOif . 



25. 2'+2^x(»i-2if)--^ 

26. ^^ of 4 jj of 1 1 ^ 

T + -r + F 



27. How many times is the difference between 



2 «* 3 2 # 6 

~T— ^"^^ 2--7Tr 
■g- "sr oi 4tj 

contained in their sum ? 

28. By how much is yV " T + 1 ~ T 5 greater than ^jjj 1 
Add together 

29. h h h TT and g^. 30. A» TT» W and /^. 

31. I, i i i^and ^|. 32. TT + A + A + FF + A- 

33. Of a regiment of soldiers, ^th are killed or disabled in the 
first battle, ^ths of the remainder in the second battle, and JT^tha 
of the remainder in the third ; if 512 men are left, how many were 
there at first ? 
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MISCELLANEOUS EXERCISES. V 

1. Find the sum of Sxi* 2j|, ifj. 

2. Divide TT of 5| by 7i|. 

3. Multiply together 4tt of 6| of H and 5^ of ||. 

4. Subtract 1^ of 3j\ from ??p. 
6. Subtract 1^ from 3^ of 19^- 

6. Divide 3^ of 1-^ by 5^^ and the result by if. 
Jleduce to the simplest forms : 

9. (|of T^r-iof |)xf of |. 

in ^^^ „f 1 *9 6| - 5t of T 
iitt ^3^ of iF + iyy 

44| - 3A of IOt V , (5f - 3f ) of 2 ^ 
^ 3^ + Aof 13if "^liof(2i + l^y 

„ 100^-9lff 3f + 6|ofl^ 
27tt + 2|U lTVof25| + 48f 

_ii__ + 6? of J-iMzij) 

7|„f.. (3f-2^)of3T\ 
4A "^ 3f-2fofx¥F' 

1ft ^^/.fii 15f^ - 4y of 3^ 
^^•6l°"': 3fofi + 2f 

17. Ijof TY- o;X ^ .1 _ 13 ^ ij- 



14. 



15. 
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Reduce to the simplest forms : 

l4.1_Ll 2i8 2 2 

!». ^ Ot 4^ Ot 111 + 5. 19. 2 3 X 2—^. 

T+T + ir ir~T ^+T 

1— I4.I— 1 1_1 1_1 1_1 

20. ?_T]^I_? - a. f-l of U of 5^ of 585. 

22. What number is that from which if "o^ — ^ be deducted and 

to the remainder -^ be added, the sum will be 3f | ? 
It 

23. Simplify the expression -^ x -^. 

24. The price of coals rises from 15s. 9d. to 18s. 6d. per ton. 
What is the extra expense to a firm laying in 24 tons, an amount 
which is 7 less than their usual supply ? 

25. Add together 2^, 3|, |, and |f. 

26. (i) From 8^ th.ke 6| ; (ii) multiply 4^ by ^§. 

27. Simplify (6f + li) ■^ (3i - 2^). 

28. The value of a ship and its cargo is £17,600, if the value of 
the cargo is seven times that of the ship, find the value of the 
cargo, and the ship. 

29. Two taps can separately fill a cistern in 9 and 12 minutes, 
and the waste pipe can empty it in 8 minutes. How long will the 
two taps together take to fill the cistern when the waste pipe is 
open? 

30. A man pays a tenth of his income in rates and taxes, and a 
twelfth in insurances. He has left £492 13s. Id. What is his 
income ? 

31. A sovereign consists of 22 parts by weight of pure cold to 
2 parts alloy, and it weighs 123*274 grains trov. Neglectmg the 
value of the alloy, what is the value of pure gold per ounce troy to 
the nearest penny ? 

32. A can reap |^ of a field in 2f days. B can reap f of the field 
in 4^ days. In what time can A and B reap it when working 
together ? 

33. A cistern can be emptied by one tap in 4 hours and by another 
tap in 6 hours. In what time will the cistern be emptied when 
both taps are opened ? 

34. Three pipes are used to fill a tank. It is fqund that the first 
tap will fill the tank in 3 hours, the second in 5 hours, and the third 
in 6 hours. What time will be required when all three are used 
together ? 



VULGAR FRACTIONS. SUMMARY. ^1 

Snminary. 
A Fraction is a part or parts of a whole. 

To aAd or BUlitract Fractloiis. — Reduce, if necessary, to a common 
denominator, then add or subtract as required and place the sum or 
difference over a common denominator. 

To multiply ftactioni.— Multiply the numerators together for a 
new numerator and the denominators for a new denominator. 

To diyide fractions. — Reduce, if necessary, both fractions to a 
simple form, invert the divisor, and proceed as in multiplication. 

To rednoe a vulgar fraction to its lowfst terms.— Divide both 
numerator and denominator by any factors common to bo^h, or find 
the o.c.M. of numerator and denominator, and divi4e both by it. 



CHAPTER III. 

DECIMAL FRACTIONS. 

ADDITION, SUBTRACTION, MULTIPLICATION, AND 
DIVISION OF DECIMALS. 

A Decimal Fraction is a fraction in which the denominator 
is some power of 10, such as 10, 100, 1000, etc. 

Decimal Fractions.— In a number such as 5555 (five thousand 
five hundred and fifty-five) it is seen that the same figure is 
used throughout, but the value of different fives varies con- 
siderably. For every place a 5 is removed to the left its value 
is increased ten times. Or, in reading a set of figures from 
left to right, each figure has one-tenth the value it would have 
if it were moved one place to the left. 

Decimal fractions are obtained by using the same notation to 
indicate numbers less than unity, each digit having one-tenth of 
the value that it would have if it stood one place farther to the 
left. Thus 5*555 means S + A+T^u+TiAwy- The point used in 
this notation is called the decimal point, or simply the point. 
The above number would be read as " five, point, five, five, five." 
In a similar manner, 8*073 would be read as eighty pointy nought^ 
seveji, three. 

By means of the foregoing explanation the following table, 
giving in a few cases the relative values of the digits to the left 
and right of the decimal point, will be readily followed : 



-3 ^ t M 



-§ 



1 



i 1 s I I 1 i 
^ a i ^ i a ^ 

4 3 2 1*234 
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Addition and Subtraction of Decimal Fractions. —When 
decimal fractions are used, the simple rules of Arithmetic can 
be applied readil}' and easily. The addition and subtraction of 
decimal fractions are performed exactly as in the case of whole 
numbers ; the only precaution necessary to prevent mistakes is 
to keep the decimal points under each other. The following 
examples will show what is meant. 

Ex. \. Add together 36-053, Ex.2. Subtract 578-9345 from 

•0079, -00095, 417 0, 85 5803, 702387. 

and -00005. 702-387 

36 063 578-9345 

•0079 123*4525 

•00095 ^ 

4170 
85-5803 
-000 05 

538-64220 
In each case the decimal points are placed under each other, 
and the addition and subtraction are carried out as in the case 
of whole numbers. 

EXERCISES. VI. 
Add together 

1. -00946, 8-0203, 15698, and 45-9876. 

2. 131 121, 2-86754, 00102, and 63-2059. 

3. 26-489, 1-2687, 34276, and -00923. 

4. 352-789, 1-0021, 11-4218, and 0102. 

5. 000495, 16-96, 5-043, and 60001607. 

6. 226-918706, 21-0674, 309631, and 25732. 

7. 4701913, 635-77, 00187, and 352-9. 

8. -6183, 151-65, 9-00074, and 58-0961. 

9. 362-134, -031427, 3076, and 4987. 

10. -0487, 151-65, 9-00074, and 64-4683. 

11. Add to the sum of 130009, 4-5672, 1*89, and 007999 
quantity which shall make a total of 20. 

12. Add together -7055, 324 88, 7-08213, and -0621. 
Subtract 

13. -07063 from 1-003032. 14. 21342071 from 30146 03527. 
15. 28-3097625 from 4109317. 16. 28 7643 from 37-593165. 

17. 30-85762 from 75-4017. 18. 5358107 from 61-62005. 

19. 49-6703 from 86-62307. 
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Add together 

20. 341-0764, 2-987643, -0047 and -4688732. 

21. 47 003, 99, 910009, 999 and -00054321. 

22. 2-0013, 117-9983, 47*231801 and -04713283. 

23. 604-603, 047625, 370078 and 1480607. 

24. 43-587, -60935, 501*097 and 18329. 
Subtract 

25. 357-908 from 503207. 26. 1296398 from 431 265. 
27. 1501853 from 47-06. 28. 48398675 from 1210768. 

29. Add together 14-9256, 00946, 8*0203 and 125687. 

30. Subtract 436 937 from 501-0258. 

31. Add together 4-0255, -60843, 43070582 and 327-8645. 

32. Add together 3*40765, 537*063 and '84379. Subtract the 
result from 601*0473. 

33. Add together 4*00607, *617634 and 376*473, and subtract the 
result from 400. 

Multiplication of Decimals. — The process of m.ultiplication 
is carried out in the same manner as in the case of whole 
numbers. Commencing from the right, as many digits are 
pointed off in the product as there are digits following the 
decimal points in the multiplier and the multiplicand added 
together. 

Ex,\. 36-42x4 7. 

Multiplying 3642 by 47, we obtain the product 171174. As there 
are two digits following the decimal point in the multiplicand and 
one digit following the decimal point in the multiplier, we point 
off three digits from the right of the product, giving as a result 
171174. 

Ex. 2. -000025 X *005. 

Here 25x5 = 125. 

In the multiplicand there are 6 digits following the decimal point, 
and in the multiplier 3. Hence the product is 000000125. The 
positions to the right of the decimal point, occupied by the six 
digits and the three digits referred to, are often spoken of as 
'* decimal places"; thus *000025 would be said to consist of six 
decimal places. 

A similar method is used when three or more quantities have 
to be multiplied together. 
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Ex.S. 2-75 X •275x27*5. 

The continued product of 275 x 275 x 275 is found to be 20796876. 
Now there are two decimal places in the first multiplier, three in the 
second, and one in the last. This gives a total of 6 decimal places 
to be marked oflf. Hence the required product is 20*796875. 

In addition to applying this rule for determining the number 
of decimal places, the student should mentally verify the work 
wherever possible. Thus, in the above example, by inspection, 
it is seen that "275 is nearly J, and J of 27 is 9. This result 
multiplied by 2 shows that the final product will contain two 
significant figures, followed by decimal places. Bough checks 
of this kind often prevent absurd mistakes finding their way 
into the work. Moreover, they lead the student to rely upon 
his own worked answers. 

Ex.4. 73-0214 X 05031. 

The product obtained as in previous cases is 3*673706634. 

In practice, instead of using the nine decimal places in such 
an answer as this, an approximate result is, as a rule, more 
valuable than the accurate one. The approximation consists in 
leaving out, or, as it is called, refecting decimals, and the result 
is then said to be true to one, two, three, or more decimal places, 
depending upon the number of decimal places which are retained 
in the result. The rule adopted when decimals are rejected is 
as follows : If any rejected figure is 5, or greater than 5, add 
one to the preceding figure ; but if the rejected figure is less 
than 5, the preceding figure remains unaltered. 

Thus, in the last example the result true to one decimal place 
is 3*7 ; the rejected figure 7 being greater than 5, the preceding 
figure 6 is increased by unity. The result true to two places is 
3*67 ; the rejected figure 3 is less than 5, and the preceding 
figure is therefore unaltered. In a similar manner the result 
true to three and four decimal places would be 3*674 and 3*6737 
respectively. 

When, as in Ex. 2, the result is a decimal fraction, the decimal 
point being followed by a number of zeros, the number of 
decimals must obviously be sufficient to include one or more 
significant figures. Thus, in the example referred to, the three 
significant figures 125 must be retained. 
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EXERCISES. VII. 

1. Show that the number 32*1065 will be multiplied by 100 if 
the decimal point be moved two places to the right. 

Multiply 

2. 8-03 by 008. 3. -0016 by -008. 

4. 1-005 by 005. 6. 183026 by 2-000999. 

6. -7281075 by -096008. 7. 14-95 by -00734. 

8. 16-02 by -0007. 9. -002897 by 3020. 

10. -47923 by 90*24. 11. 423 209 by -00785. 

12. 47-308 by 17 0909. 

13. Multiply 4-62 by 025 and the product by 0019. 
Multiply 

14. 13-064973 by 26-036. 16. 150*079 by 14-00014. 
16. 4632700 by 0172. 17. 7*51 by 0016. 

18. 0625 by 1-74. 19. 049 by 3*417. 

20. 16*02 by 0007. 21. 32*47 by -0033. 

22. 2*574 by 00005. 23. 12*345 by -00014. 

24. Multiply -671 by 42 and by -0420. 

Division of Decimals. — The division of one quantity by 
another when decimals enter into the operation, is performed 
exactly as in the case of whole numbers. The process can be 
best explained by an example as follows : 

Ex, 1. Divide 7 by -176. 

This may be descril)ed as finding a number, which, when multi- 
plied by -176, gives the product equal to '7. 

Though decimals may be divided as in the case of whole numbers, 
care is necessary in marking ofif the decimal point. In the present, 
and in all simple cases, the position of the decimal point is evident 
on inspection. Practically, it is often convenient to multiply both 
terms by 10, or some multiple of 10—100, etc.— and so obtain at 
once without error the position of the unit's figure, and hence of the 
decimal point. 

Thus in the above example, multiplying 1-76) 7*00 (3*97 

both terms by 10, we have to divide 7 by 5 28 

1-76, and it is at once seen that the number 1 720 

required lies between 3 and 4. This deter- 1 584 

mines the position of the unit's figure. As 1360 

7-0 is unaltered by adding any number of . 1232 

ciphers to the right, we add two for the 1280 

purpose of the division : multiplying 1*76 by 
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3 we obtain 6-28, which, subtracted from 7*00, gives a remainder 
1'72; to this we affix a cipher and carry on the division as far as 
necessary ; when this is done, we find •7-f •176=3'9772727. 

It will be seen that the ordinary method of performing 
division necessarily requires considerable space, especially when 
there are several terms in the quotient. 

Italian Method. — Another method, often referred to as the Italian 
method, in which only the results of the several subtractions are 
written down, is often used, the method of procedure is as follows : 
Note, as before, that 1 76 will divide into 7 ; 
then since 3x6=18, the 8 is not written down 1*76 ) 7 '00 ( 3*97 

but is instead mentally subtracted from 10, ITt^O 

leaving 2. Next 3x7 = 21 and 1 carried ^ 

makes 22 ; the 2 is again not written down, 

but instead, after the addition of unity from •^'*" 

the last process, we say 3 from 10=7. In a 

similar manner the remaining figure is obtained ; the next row of 
figures is arrived at in like manner and so on. Comparing the two 
examples it will be seen that as at each step of the work one line of 
figures is dispensed with, the working takes up far less room than is 
the case in the ordinary method. 

Becnrring Decimals. — The above example illustrates another 
important point, viz., that although the quotient may in some 
cases consist of many digits following the decimal point, it may 
come to an end eventually ; but in other cases, the quotient goes 
on without end, and is known as a recurring decimal. It is not 
often necessary in practical calculations to continue any operation 
in decimals to more than the third or fourth place, and in the 
majority of cases, if the quotient is correct to the second decimal 
place it is amply sufficient. In the previous example, the 
quotient correct to the second decimal place would be 3*98. 

It is obviously bad in principle to use more figures than are 
essential for the work in hand ; for they are not only unnecessary, 
but give additional trouble, and also increase the risk of making 
mistakes. In many cases, students are found to work with ten 
or more decimal figures, when, owing to errors of observation, 
or measurement, or to slightly incorrect data, even the first 
decimal place may not be trustworthy. It is, of course, in- 
advisable to add an error of arithmetic to an uncertainty of 
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measurement or data, but even a slight error is preferable to 
working out ten or fifteen places of decimals to a practical 
question when two or three decimal places at most are sufficient. 

EXERCISES. VIII. 
Divide 

1. 0468 by 29 25. 2. 7777 by 35*35. 

3. 1154255 by 00115. 4. 26751 by 000925. 

5. 5-4 by -00072 and the quotient by 1470568. 

6. 3-425 by 002192. 7. 157 875 by 36 8. 
8. 362-97 by 00545. 9. 8125 by 2175. 

10. 005 by -425. 11. 25 by '00325. 

12. 002346 by 001825. 13. 90225 by 225. 

14. 22-5 by 90225. 15. 90915 by 209. 

16. -0006594 by -0021. 17. 13 5 by 001125 and verify the result. 

18. -085712 by 25-603. 19. 712-8576 by 28560. 

20. 360-221286 by 89898. 21. 51 -2705 by -0205. 

22. 3565-345 by 3605. 23. 14-259 by 582. 

24. 21-06 by 64*8. 25. 79682-44 by -0172. 

26. 18596-508 by 98760. 27. 3681 15133 by 90 0037. 

28. 1047034 by 0302. 29. 178 6686 by 0642. 

30. -0141009 by 47 00.3. 31. 7927 5 by -875. 

32. 0325 by 6-5. 

33. From a rod a yard long, portions each -057 of an inch Ions are 
cut ofif. How many such portions can be cut ofif, and what wm be 
the length of the remaining piece ? 

34. Divide the product of -035 and -0056 by -00007. 

35. How many times can -013 be subtracted from 12578, and 
what will be the magnitude of the remainder ? 

36. The length of a strip of plate is 14*578 inches. Neglecting 
the loss in cutting, how many pieces *053 inches long can be cut 
from it ; and what will be the length of the remaining piece ? 

MISCELLANEOUS EXERCISES. IX. 

1. Add together 18*3 and 21 065. Subtract 17099 from 25*1 
and divide the former by the latter. 

2. Divide the product of 851 and '00016 by -032. 

3. Find the value of (65 - 39-61) x 39-61. 

4. Fmd the product of 1'005 and 097 and the quotient of -0036 
divided by -0144. 

6. Find the product of '0256 and 10071 and divide the product 
by 27976. 
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6. Multiply 9177 by -091 and divide the product by 2*73. 

7. Multiply 02019 by 5203, and divide -0431 by 0044. 
a Divide (i) 7-0175 by 17*5, and (ii) 17-6 by 70175. 

9. Multiply and divide 420318 by 23175. 

10. Find the value of (237 x 093) -j- -0005. 
Divide 

11. -75 by 8 and 25 by 3*2. 12. 1 by 013 and 00042 by 007. 
la 2-1170 by -0073 and -0257 by -0041. 

14. 172-9 by -142 and 17*415 by -387. 

16. Divide -736 by 2*85 and 2*85 by '7036. Find the product 
formed by multiplying the two quotients together. 

16. Find (i) the product of 1*005 multiplied by 097, and (ii) the 
quotient of -0036 divided by "0144. 

17. Find the value of 

(01 X 0-01 -r -0002) - (-6375 ^^-i- -125). 

18. Divide 02 x 3-r 00012 by (5719 x ^) + (03 x 1 2 x 9). 

19. Reduce to simplest form the following : 

( -002 X 36-25 -r 029) - (102 85 x -04 -r 1 7). 

20. ( -001 1 X 091 -r 0035) + ( 015 x -507 -f 39). 

21. (-0057 X 2-09-r -361) - (-00165 x -077 -r -0105). 

22. Find the product of -0256 and 1-0071, and divide the product 
by 2-7975. 

23. Reduce to its simplest form 

1-1931 -f 5 82 
-225+ •2866...' 

Smninary. 

DedmalB. — Addition and subtraction are performed as in simple 
addition and subtraction ; the figures are set down so that the 
decimal points are one above the other. 

MiiltlpUcatlon of DedmalB.— Proceed as in the case of the multi- 
plication of whole numbers, and when the product is obtained, point 
ofif from the digit on the extreme right as many decimal places as 
there are in the multiplier and multiplicand together. 

DiylBion of DedmalB. — Make the divisor a whole number bv 
moving the decimal point as many places to the rieht in both 
divisor and dividend as may be necessary. Proceed as in the 
division of whole numbers, inserting the decimal point in the 

Suotient as soon as in the course of the work any figure is used from 
iie decimal part of the dividend. 



CHAPTER IV. 

CONTRACTED MULTIPLICATION AND DIVISION. CON- 
VERSION OF VULGAR TO DECIMAL FRACTIONS. 
RECURRING DECIMALS. DECIMALS OF CONCRETE 
QUANTITIES. 

Contracted Multiplication and Division.— The results of 
all measurements are at the best only an approximation to a 
true result. The accuracy of expression is, it is true, increased 
by extending the number of decimal figures in the result, but 
it should be carefully noted that the accuracy of any result does 
not depend on the number of decimal places to which the result 
is calculated, but it does depend on the accuracy with which the 
measurements or observations are made. 

In any result obtained the last decimal place may not be 
accurate, but the figure preceding should be as accurate as 
possible. It is therefore advisable for the sake of accuracy to 
carry the result to one place more than is required in the result. 

It is at once evident that loss of time will be experienced if 
we multiply together two numbers in each of which several 
decimal figures occur, and after the product is obtained reject 
several decimals. Especially is this the case in practical ques- 
tions in which the result is only required to be accurate to the 
first or second place of decimals. In all such cases what is 
known as Contracted Multiplication may be used. 

Contracted Multiplication.— In this method the multiplica- 
tion by the highest figure of the multiplier is first performed. 
By this means the first partial product obtained is the most 
important one. 
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The method can be shown and best understood by an example. 

Ex, 1. Multiply -006914 by 8-652. 

The product of the two numbers can of course be found by the 
ordinary methods ; and to compare the two methods, ** ordinary " 
and " contracted," the product is obtained by both pixicesses : 



Ordinary Method, 


CorUracted Method. 


6914 
8652 


6914 
2568 


13828 
34570 
41484 
55312 


55312 

4148^ 


-059819928 


•059820 



The ordinary method will be easily made out. In the contracted 
method it will be seen that the figures in the multiplier are reversed, 
and the process continued as follows : Multiply first by 8, so obtain- 
ing 55312 ; next by 6— this step we will follow in detail — 6 x 4=24, 
the 4 is not written down (but if written down it is cancelled as 
indicated), and the 2 is carried on. Continuing, 6x1=6, and 
adding on 2 gives 8. Next, 6 x 9=54, the 4 is entered ; and (3 x 6 is 
36, this with the 5 from the preceding figure gives 41, hence the 
four figures are 4148. 

In the next line, multiplying by 5, we can obtain the two figures 
and 7, but as these are not required unless there is some number 
to be carried, it is only necessary to obtain 69 x 5, and write down 
the product 345, add 1 for the figure rejected, making 346 ; finally, 
as 2x9 will give 18, and therefore we have to carry 1, we obtain 
2x6=12, together with the one carried from the preceding figure 
gives 13, add 1 for the figure (8) rejected, which gives 14. Adding 
all these partial products together we obtain the product required. 

Thus, in the second row one figure is rejected, in the next row 
two figures, and in the last row three figures are left out. 

It must be noticed that when the rejected figure is 5 or greater, 
the preceding figure is increased by 1, also that the last figure of the 
product is not trustworthy. Having noted (or cancelled) the rejected 
figures, as will be seen from the example, the decimal point is 
inserted as in the ordinary method, i.e. marking off in. the product 
as many decimal places as there are in the multiplier and multiplicand 
together. 

Though the^ multiplier is very often reversed, this is not neces- 
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sary, except to avoid mistakes. The multiplier may be written in 
the usual way, and the work will then proceed from the left-hand 
figure of the multiplier, i.e. the work is commenced by multiplying 
by 8 and not by 2. 

EXERCISES. X. 
Multiply 
1. 250-635 by 8*056. 2. 898998 by 3*047. 

3. 240*35 by 7*0923. 

4. Multiply together -543, 643*2 and -3008. 
Multiply 

5. 65 0843 by 0926. 6. 82009 by 3*685. 

7. Multiply together 4*073, *0032 and -09. 
Multiply 

8. 16*6634 by 102. 9. 42-359 by -623. 
10. 58*301 by -758. 11. 17*4987 by -37004. 
12. 168-05 by 1*0069. 13. 0008679 by 496038. 
14. 5890067 by 3*1008. 15. 4*86923 by -007655. 
16. 8-0198 by 001077. 17. 41-0027 by 31 093. 
18. 500173 by -00376. 19. 471-013775 by 42017. 
20. 709*285 by 1*0069. 21. 8561 02 by 5*6039. 
22. -0057632 by 2*873. 23. 5*3129 by 46000. 

24. 17 081 by 3*00091. 

25. Multiply together 11, 1*1, -0011 and 1*25. 

26. Multiply together -275, 2*75 and 27*5. 
Multiply 

27. 00734 by 7 164. 28. 8*07639 by 28*73. 
29. 73 0214 by 50*31. 30. 36*2894 by 8 93. 
31. 11-416 by 316. 32. 542 1875 by 26*8. 
33. 28-395 by 00114. 

Contracted Division. — It is assumed that the student is 
familiar with the ordinary method of obtaining the quotient 
in the case of division, but the long process of division can also 
be advantageously contracted. The method of doing this will 
be clear from the following worked example. 

JEx. 1. Divide 03168 by 4*208. 

We shall work this example by the contracted method alone. 
To begin with, the number 7 is obtained by the usual process 
of division. By multiplying the divisor by 7 the product 29456 
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is arrived at. When this is subtracted from 31680 the remainder 
2224 is left. It is seen that if we drop or cancel the 8 from the 
divisor 4208, thus obtaining 420, it can be 

divided into the remainder 2224, five times. 4208 ) 31680 ( 7529 
In multiplying by 5 we take account of the 29456 

8, thus, as 5 X 8 is 40, we do not enter the 2224 

but carry on the 4 ; but 0x5=0, and adding 2104 

4, we see this is the figure to be entered. 120 

Now proceed to the next and the following 84 

figures, obtaining in the usual way 2104 ; sub- 3^ 

tract this from 2224, and the reniainder 120 is 36 

obtained. Proceeding in like manner with ^ 

the multiplier 2, we obtain 84, which, subtracted from 120, leaves 
36, and our last figure in the quotient is 9. By the method described 
on p. 26 the answer is '007529. 

The above example shows that the method of contracted 
division consists in leaving out or, as it is called, rejecting a 
figure at each operation. Any number which would be added 
on to the next figure by the multiplication of the rejected 
figure is carried forward in the usual way. To avoid mistakes 
it may be convenient either to draw a line through each rejected 
figure of the divisor, or to place a dot under it. 

EXERCISES. XI. 
Divide 

L 2515-611 by 0785. 2. 17*228 by -584. 

3. 6-9691655 by 843*634. 4. 99721 by -834. 

6. 64-375 by 9-573. 6. 2-873 by 48*607. 

7. 11-7813 by -2724. a -304775 by 59-678. 
9. 3-743 by 62-804. 10. 174-13238 by 5*615. 

11. 2-821005 by 29*332. 12. 110246 by 26063. 

13. 184-13 by 5-615. 14. 1567 by 358. 

15. 471-6 by 1-235. 16. 1-5104 by 40-13. 

17. 246-87 by 7777. - 18. Ml by 8*0908. 

19. 42*266 by 05888. 20. 311 010 by 076359. 

a. 1-132041 by 240604. 22. 1298 by -234. 

23. -1115 by 45-9. 21 108-78 by 444. 

26. 147 -5 by 235. 26. -013119 by 2*403. 

27. -39908 by 248*03. 28, 9-22 by -00375. 
29. -0222946 by 6-4065. Sa 4-0975 by -2980. 
a. -169 by -0013. 32. 497 by -0025. 

W.M. I. C 
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Divide 

83. -00003 by 001. 31 4*65131 by 596*8. 

35. 183026 by 203. 

36. The sum of 1-2854 and 763 by their difference. 

37. -049855 by 1-3569. 

Conversion of a Decimal to a Vulgar Fraction.— Having 
already found (p. 22) that '3 is merely a convenient way of 
writing ^, and '03 of writing ^hsy i^ ^^ ^ obvious that in the 
two cases just referred to ^f^ and ^^ are the vulgar fractions 
required. In a similar manner '2=^1^, and 02 = 1^. In each 
case the numerator and denominator are divisible by 2, hence 
we write -2 = ^ = J, and -02 = g\j. 

From a consideration of such examples we may state the rule 
for the conversion of a decimal into its equivalent vulgar 
fraction as follows : 

Take the given decimal fraction for the mimerator and for a 
denominator write down 1 followed hy a* many zeros a* there are 
decimal places in the given decimal fraction; if necessary redttce 
the fraction so obtained to its lowest terms. 

Some Common Values. — ^There are many decimal fractions of 
such frequent occurrence in practice that it may be advisable to 
commit them and their equivalent vulgar fractions to memory. 

Thus -125=^1^^=4; -25=^5^=^; -375=^^=1; -5=1^=*; 

•75 = ^=f. 

It will }ye noticed that by remembering the first of the above 
results the other fractions can be obtained by multiplying it by 
2, 3, etc., or in each case the result is obtained by mentally 
dividing the numerator by the denominator. 

Conversion of a Vulgar to a Decimal Fraction.— To convert 
a vulgar fraction to a decimal fraction, reduce the vulgar 
fraction to its lowest terms and then divide its numerator 
by its denominator. 

Ex.l. t = 3-f8=-375; l = 7-^8=-875. 

JEx. 2. TF77 = "00625. Ex. 3. At = '432. 

In many cases it will be found simpler and easier to reduce a 
fraction to its equivalent decimal if the numerator and denomin- 
ator are first multiplied by some suitable number. 
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Ex, 4. Reduce -^jj^ to a decimal. 

Multiplying by 4 we get x^^ = *028. 

In a similar maimer -^ = y^ = '04. 

Other examples can be worked in like manner. 

In some cases the figures in the quotient do not stop, and we 
obtain what are called recurring (they are also called repeating, 
and sometimes circulating) decimals. 

Ex.b, ^=-333.... 

The result of the division is shown by as many threes as we care 
to write. The notation '3 is used to denote this unending row. 

Ex. 6. Agam | = -666.. . = 6. 

In each of these, and in similar cases, the equivalent vulgar fractions 
are obtained by writing 9 instead of 10 in the denominator, thus 
•§ = f- = ^, etc. In a similar manner \ == '142857, and these figures 
again recur over and over again as the division proceeds, hence 
I =-14286?. 

When necessary to add or subtract recurring decimals, as 
many of the recurring figures as are necessary for the purpose 
in hand are written, and the addition or subtraction performed 
in the usual manner. With a little practice the student soon 
becomes familiar with the more common recurring decimals. 

Any decimal fraction, such as -3, •14286?, in which all the 
figures recur is called a pure recurring decimal; the equi- 
valent vulgar fraction is obtained by writing as a rvumerator the 
figures that recur, and for the denominator as vrvany nines as 
there arefi/gwres in the recurring decimal. 

When the decimal point is followed by some figures which do 
not recur and also by some which do recur, the fraction is called 
a mixed recurring decimal, and the equivalent fraction is 
obtained by subtracting the non-recurring figures from those which 
do recur to obtain the mtmerator, and as mam/y nines as there are 
recv/rring figures, followed hy as m>any cyphers as there are non- 
recvrring figures for the denominator. 

Ex. 7. Express as a vulgar fraction the recurring decimal -l^S. 
Here there are two recturing figures and one not recurring, 

. .iA4_ 128-1 _ 122 _ 61 
.. iA6 g-g^xj Triny~"T7T' 

W'^ Q .oo^K'f — 3 2 6 5 7-8 2 __ 82626 _ 145 
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EXERCISES. XIL 

1. Reduce '][^ to a decimal and prove your method correct. 

2. Prove that every fraction can be reduced to either a termin- 
ating or a circulating decimal. Give an example of each. 

3. Reduce to a decimal f + 1^ + iV "*" T^* 
Reduce to decimal fractions 

4. ^ of 2|f ; i^^jy * 6. T o^ ¥ of 1^. 

6. Find the sum of 3| + 4^ + l}J + S^^V 
Reduce to decimal fractions 

7. ttSt- 8. 5j^ + 75 of i of 7f 

9 3 J. 2 6 5 1 3472 

10. Reduce to vulgar fractions -365, -125, -0035, 8*06 and 8-75. 

11. Find the vulgar fraction which is equal to the sum of 15*3125 
and 12*0075 divided by their difference. 

12. Find to four decimal places the value of 

1 I 8 I 6 

^ + 7 + T 

6 1 4 I 1* 
T + T + T 

13. Reduce § + 1- + tV ~ 1 J" ^^ single fraction, and convert that 
fraction into a decimal 

14. Reduce to its simplest form 

5 _ 2 

I_J, 

4 1» 

and convert the result into a decimal. 

15. Reduce ^-f + -ff""iT + T^T* ^^^ express the result as a 
decimal. 

16. Explain what is meant by a Recurring Decimal, and find the 
vulgar fractions equivalent to the decimals 

•l5S, 11 1254 and •0034S6§. 

17. Divide '2? by 75 't^, and express the answer as a decimal. 

18. Find the sum, difference, product and quotient of '96S45 
and *S. 

19. Find the value of -3076 x 1 -0?^ -f -008. 

20. Express as a vulgar fraction *536. 

21. Express the product of 4*625 and *62t as a vulgar fraction 
in its lowest terms. 

22. Multiply -314285? by -65. 23, Multiply -585714 by -116. 

24. Express the difference of *25857l4 and -4^8571, also 1 '5S8461S 
and '076925, as vulgar fractions in their lowest terms. 

25. Express the quotient of 'li divided by '0^5. 
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Decimals of Concreto Quantities. — It is often necessary to 
express a given quantity as a fraction of another given quantity 
of the same kind. Thus, in the case of £1. 16s., it is obvious 
that 15s. =Jj of 20 shillings, and thus £1. 158. may be written 
£1}; or, as J='75, we may also write £1. 15s. as £1*76. 

Ex, I. To reduce lOd. to the decimal of a pound. 
As there are 240 pence in £1, 

.*. required fraction is ^nr ^ ^ ~ ^ '^^l^ • • • • 

Ex, 2. Express 6 days 8 hours as the decimal of a week. 
As there are 24 hours in a day, 

6 days 8 hours = 6r^i = 6^ days, 
.-. 6 days 8 hours = -=-=' *90476l week. 

Ex. 3. Reduce 5d. to the decimal of is. 
A = -4i6. 

Ex, 4. Express in furlongs and poles the value of '325 miles. 

Here multiplying by 8 the number of furlongs in a mile, *32§ 

we obtain 2*6, and multiplying the remainder '6 by 40 (the § 

number of poles in a furlong) we get 24 poles. 2*600 

Hence 325 mile =2 fur. 24 po. ^ 

24-0 

Given a decimal fraction of a quantity, its value can be 
obtained by the converse operation to that described. 

Ex, 5, Reduce 9 inches to the decimal of a foot. 
There are 12 in. in a foot. Hence the question is to reduce -j^ 
to a decimal. 

.-. 9 in. = -75 ft. 

Ex, 6. Find the value of '329 of £1. 

The process is as follows : First multiplying by 20 we 

obtain the product 6580, and marking off three decimals *329 

we get the value 6*580 shillings. In a similar manner 20 

multiplying by 12 and 4 as shown, we obtain the value of 6*580 

*329 of £1, which is read as 6 shillings 6 pence 3 farthings 12 

and *84 of a farthing. 6*960 

The result could be obtained also by multiplying '329 ^ 

by 240, the number of pence in £1, giving 78'96d. and 3*840 
afterwards reducing to shillings, etc. 
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Ex, 7. Find the number of feet and inches in *75 yard. 
Here •75x3=2-25 ft., 

and -26 ft. = -25x12 in. 

=3 in. 
.-. •76yard=2ft. Sin. 

EXERCISES. XIII. 

1. Add together five-sevenths, three-sixteenths and eleven-four- 
teenths of a cwt. , and express the sum in lbs. 

2. Express 98. ijd. as the decimal of £1. 7s. 

3. Subtract *035 of a guinea from 1 *427 of a shilling. 

4. Subtract 3*062 of an hour from 1 '5347 of a day. 

5. Add together *0029 of a ton and -273 of a cwt. 

6. Reduce -87525 of a mile to feet. 

7. Find the sum of 2*35 of 2s. Id. and O0§ of £6. 3s. 9d. 

8. Add together |- of a guinea, \js of a half-crown, \^^ of a 
shilling and ^ of a penny, and reduce the whole to the decimal 
fraction of a pound. 

9. Express 3s. 3d. as the decimal of 10s. 

10. Add together ^ of 4^ guineas, £-615 and 3^ o^ ^Y of 1^ of 
16s. 7d. 

11. Reduce 49*325 of £4. 12s. 5d. to pence and the decimal of a 
penny. 

12. Add together *083 of a week and *231 of a day, and subtract 
from the sum 8*435 of an hour. Express the result in minutes and 
the decimal of a minute. 

13. What is the diflference between -038 of a mile and yy of a 
furlong ? Express your answer as the fraction of a furlong. 

14. Add together -0021 of a cwt., '045 of a quarter, '37 of a lb., 
and subtract the sum from 35*263 ounces. Give the answer in 
ounces and the decimal of an ounce. 

15. Add the difference between '035 of a ton and *064 of a cwt. to 
the difference between -27 of a qr. and *78 of a lb., and give the 
answer in lbs. and the decimal of a lb. 

16. Add together '375 of 13s. 4d. and -07 of £2. 10s., and subtract 
the result from '45 of £1. 

17. Express 6 cwt. 1 *125 qrs. as the decimal of a ton. 

18. Reduce £2. 158. 6§d. to the decimal of a pound ; and find the 
difference between '625 and '0625 of a cwt. 
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MISCELLANEOUS EXERCISES. XIV. 

1. The quotient in a division is 479, the dividend is 3476418 and 
the remainaer is 794 ; whal^ is the divisor ? 

2. Subtract Vr of 2f of £3. 68. «d. from -0475 of £100. 

3. A gallon contains 277*274 cubic inches. Find to three decimal 
places the number of gallons in a cubic foot. 

4. Find the product of -052 x 1*87 x 0021, and divide the result 
by the product of 3*5 x 6'63 x 1 -1. 

5. Find the product of '0119 and 2*967. Divide this product 
by 21*93. 

6. Find a decimal which shall differ from ^§ by less than x oooo * 

17 ai^^u*^ 1-5 3-25 

7. Sunplify ^^x^. 

8. Express as decimals yi ^^^ TT> ^^^ subtract one from the 
other. 

9. Divide '736 by 2*85 and 2*85 bv '7036 in each case to four 
places of decimals, and find the product by multiplying the two 
quotients together. 

10. Multiply '1 by -1, and divide the product by *00625. 

11. Simplify ^^^Xj^. 

12. Find the sum of (i) 2*4, -SS, -467, 7*04d, 4*1?, •4S04125 ; 
(u) 8*1&, 'M, -5025, l*360l, *066? and •6882036*. 

13. Reduce -fr^f to a decimal, and 4*17*46 to a vulgar fraction 
in its lowest terms. 

14. Convert *8dd into a vulgar fraction, and divide 1 '554 by '0037. 

15. Subtract *8ltd from 5*63i without converting them into 
vulgar fractions. 

16. Express the product of 6*75 and *637 as a vulgar fraction. 

17. Find the product of I'S and '75 ; also 2'd and -375. 

18. Express as decimals yi ^^^ TU* ^"^^ subtract one decimal 
from the other. 

19. Express the quotient of 'H divided by *Oll as a decimal. 

20. Express 77 as a decimal and *017i£ as a vulgar fraction. 

21. Reduce *6?61904 to a vulgar fraction in its lowest terms. 

22. Divide 3759^ by 0*. 

23. Divide 9l6 by j^i^. 

24. By how much is the sum of 2*056 and '92 greater than their 
product ? 

25. Divide -03125 by -032, and *032 by 03125, and multiply the 
quotients together. 
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26. Find the product of 1*3 and -75. 

27. What vulgar fractions can be reduced to terminating decimals? 
Reduce rf 7 ^ <^ decimal. 

28. Express the quotient of '^i divided by *Oll as a decimal. 

29. Find the sum of 24, -SS, -Jef, 7-05d, 4-1? and -450412^. 

30. Express a8adecimal(J + f + ^)-f(| + ^ + |). 

31. What number multiplied by (f + | + t^-J) will give 
•37576? 

32. Four reams of paper make a pile 21 inches high. Express as 
a decimal the thickness of a half sheet. 

Smnmary. 

To ooiiTert a Decimal to a Vulgar FtaoUon.— Take the given 
decimal fraction for the numerator, and for denominator write down 
1 followed by as many zeros as there are decimal places in the ^ven 
decimal fraction. 

To oonvert a VUgar to a Decimal Fraotloii.— Divide the numerator 
by the denominator; the quotient when the decimal point is 
correctly inserted is the fraction required. 

Pure Recurring DedmaL — The eauivalent vulgar fraction is 
obtained by writing for numerator all the figures that recur, and 
for denominator as many nines as there are figures in the recurring 
decimal. 

Wxed Becnrring DedmaL — To obtain the equivalent fraction, 
subtract the non-recurring figures from those which do recur, place 
the result in the numerator and put in the denominator as many 
nines as there are recurring figures, followed by as many cyphers 
as there are non-recurring figures. 



CHAPTER V. 

SIMPLE ARITHMETICAL METHODS. INVOLUTION. 
EVOLUTION. 

Simple Arithmetical Methods. Many simple labour-saving 
methods are used by practical men, and these are in most cases 
suggested by the circumstances of the problem. We may 
illustrate by one or two simple examples. 

To multiply by 5. As 5 =^, add a cypher and divide by 2. 
Ex.h 736x5 = -2^ = 3680. 

To multiply by 25. Add two cyphers and divide by 4. The 
reason for this rule is easy to understand. By adding two 
cyphers any number is multiplied by 100. This result is 
4 times greater than is required, so it is divided by 4. 

Ex.2. 52420X25= ^^*1^^ ^=1310500. 

To divide by 25. In a similar manner we proceed to divide 
by 25 as follows : Multiply the number by 4 and divide by 100. 

To divide by 5. i=i%, hence to divide by 5, multiply by 2 
and divide by 10. 

Ex.3. 27632 -f 25 = ^Jf^= 1105-28. 

To divide by 125. Multiply by 8 and divide by 1000. In 
this case the fact used is that 125x8=1000. If a number is 
divided by 1000 the result is, therefore, 8 times less than if it 
is divided by 125. Hence, by dividing by 1000 and then 
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multiplying by 8, the result is the same as if the number had 
been divided by 125 directly. 

Subtraction. — When it is required to subtract one quantity 
from another, it is often easier to perform the " complementary *' 
operation of addition. 

Ex, 4. Subtract 4s. 7id. from 15s. 

In this case we may proceed thus : adding 4id. to 7id. we obtain 
Is. Mentally this is carried on to the next figure, 4, making it 
into 5, and to convert 5b. into 15s. we require lOs. Hence, to 
convert 4s. 7id. into 158. we must add 10s. 4id. In this manner 
subtracting 4s. 7id. from 15s. is converted into the easier mental 
operation of addition. 

Multiplication and Division. — In multiplication and division 
the contracted methods already referred to will be found very 
convenient. The work can also often be further shortened by 
using approximate multipliers. 

To multiply by 99. 99 = 100 - 1 ; hence to multiply a number 
by 99, add 2 cyphers and subtract the number. 

Ex. I. Multiply 532 by 99. 

532 X 99=53200 - 532=52668. 

In a similar manner, to multiply by 999 it is only necessary 
to add three cyphers and subtract the number. 

Ex. 2. Multiply 532 by 999. 

Here 532 x 999=532000 - 532=531468. 

Ex. 3. Find the total width in 20 boards, each 11 j inches wide. 
Here, instead of multiplying 20xllj, we may, with advantage, 
multiply 20 x 12, giving 240, and subtract 20 x J or 5, 
.-. 20xlli=235. 
Ex. 4. Find the cost of 30 articles at Is. 7i<l. each. 
The cost could be obtained by reducing Is. 7id. either to pence 
or half-pence, multiplying by 30, and afterwards reducing to 
shillings, etc. But the cost can be better obtained mentally, thus : 
30 at Is. = 30s. 



30at6d. = 15s. 
30 at Id. = 2s. 6d. 
30 at id. = Is- 3d. 
488. 9d. ; 



or total cost = 48s. 9d. 
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INVOLUTION. 

Involution. — In dealing with the powers of numbers (p. 3) 
we have found that when a number is multiplied by itself once, 
twice, or more times, the products are called the powers of that 
number ; the process by which the powers of numbers are ob- 
tained is called Involution, The number thus multiplied is 
called the root, and the products are called the powers of the 
number. Any number multiplied by the same number is said 
to be squared, and the product so obtained is called the square 
or the second power of the original number. The original 
number is called the square root of the product. 

Thus, 3x3=9. Here the product 9 is the square or second 
power of 3, and 3 is the square root of 9. 

It has been explained that instead of writing the expression 
3 X 3 in full, a small figure is placed near the top of the number 
or quantity, and on the right-hand side of it, thus : 3^. This 
indicates how many times the number appears in the product. 
Thus we write 3 x 3 as 3^, 3 x 3 x 3 as 3^, etc. The smaller figure 
written near the top of a number in the manner described is 
called the index or exponent of the number. 

Adopting this notation, 3^ would be called the first power of 
3, 3^ the square or the second power, 3' the cube or the third 
power, etc. 

The squares, cubes, or even higher powers can be easily 
obtained if the number is not greater than 10. Thus 2^=4, 
, 23=8, 2*= 16, etc. 

The powers of 10 itself are easily remembered, and are as 
follows : 

102=100, 103=1000, 106=1,000,000, etc. 

This method of indicating large numbers is very convenient 
in physical science, in which such numbers as 2, 5, or 10 
millions, etc., are of frequent occurrence ; for in place of writing 
5,000,000 for instance, we may write it more shortly as 5 x 10®. 

The squares of all the numbers from 1 to 10 are easily re- 
membered ; they are as follows : 

12=1, 42=16, 72=49, 

22=4, 62=25, 82=64, 

32=9, 62-36, 92=81. 
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In a similar manner the squares of all numbers from 10 to 20 
should be written down. 

Ex, 1. Write down the cubes of all the numbers from 1 to 10 
inclusive. 

EXERCISES. XV. 

1. Find (-03)2. 

2. Find the square of 00013. 

3. Divide (-Ol)' by (-05)2. 

4. Find the value of ( -0012)2^ (•02)«. 

5. Square '00625 and express the result as a vulgar fraction. 

6. Find the square and cube of 6*25 and of 62*5. 

7. Find the square and cube of 2*95 and of 3*35. 

8. Divide the cube of *29 by the square of '058. 

9. Divide 1*04364 by 117 and subtract the square of 093 from 
the quotient. 

10. Find the square of 9*17, multiply this by '02, and divide by 
the product of 17'161 and *098. 

11. Determine by how much the square of 1 '731 differs from 3. 

Evolution. — ^The reverse of Involution is to extract, or find, 
the roots of any given numbers. 

The root of a number is a number which, multiplied by 
itself a certain number of times, will produce that number. 
Thus, the square root of a given number is that number which, 
when multiplied by itself, is equal to the given number. 

The root of a given number may be denoted by the symbol 
tj placed before it, with a small figure indicating the nature 
of the root placed in the angle ; in this manner the cube root of 
27 is denoted by sf¥j, the fourth root of 64 by 4^64, and so on. 
The square root in this manner would be denoted by Vo, but 
the 2 is usually omitted, and it is written more simply as Vo. 
Another, and for many purposes a better method, is to indicate 
the root by a fraction placed as an index, and referred to as a 
firatctional index ; thus, for example, the square root of 9 is 
written 9*, and is read as nine to the power one-half. Similarly, 
the cube root of 27 is written as 27*, meaning 27 to the power 
one-third. 

Square Boot. — Method I. — ^To obtain the square root of 
any quantity in cases where it is not possible to ascertain such 
root by inspection, we have (to avoid unnecessary repetition) to 
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adopt a rule. The following example will illustrate the method 
of extracting a square root. 
Ex. 1. Find the square root of 155236. 

l6553d(300 + 90 + 4 
90000 

(2x300) + 90 =690) 65236 
62100 

2x390 + 4=784)3136 
3136 

The process is as follows : 

Divide the given numher into periods of two figures each, by 
putting a point over the unit a figure^ next on the figure 2 which is 
in the second place to the left of the 6, and also on the 5, as shown. 
The given number consists of six figures, the required square root 
contains three. As 300»=90,000 and 400*= 160,000, the required 
square root lies between 300 and 400; hence we put 300 to the 
right of the given number, and subtract its square 90,000; this 
gives a remainder of 65236. 

Put twice 300 to the left of 65236, this divides into 65236 a little 
over 90 times; add 90 to 2x300, and thus obtain 690; this 
multiplied by 90 gives a product of 62100; subtract this product 
from 65236, and the remainder 3136 is obtained. 

Next set down to the left of the remamder 3136, 2x390=780; 
this will divide 4 times into 3136. 

Add on 4 to 780, obtaining 784; multiply by 4 and obtain 3136; 
this subtracted from 3136 leaves no remainder; or 394 is the square 
root required. 

Method II. — The ordinary practical method is as follows; 

Point as before, and find the largest number the square of which 
is less than 15 ; 3 is such a number. Set the figure 3 to the right 
of the given number and its square 9 under the 
first pair of figures 15; subtract 9 from 15, l55§3d(394 

obtaining a remainder 6. _ 

Bring down the next two figures, making the 69 ) 652 

number 652. 5?1 

Now put the double of 3, that is 6, on the left 784 ) 3136 

of the number 652, and by trial find that 6 will 3136 

divide into 65 nine times. Place the 9 as the 
second figure of the answer ; also put a 9 with the 6 to form the 
divisor 69 and multiply 69 by 9, thus obtaining 621, which when 
subtracted from 652 gives a remainder of 31. 
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Bring down the next two figures, thus obtaining 3136. Double 
the number 39, that is, the part of the root already found, and put 
the result 78 to form part of a new divisor, as before. 

By trial, we find that 78 will divide into 313 four times. Put the 
4 with the other numbers 39 of the square root which is being 
obtained, and also with the 78, thus making the number 784 the new 
divisor ; this multiplied by 4, the last figure added, gives 3136, 
which subtracted, leaves no remainder. Hence 394 is the square 
root required. 

The student should always begin to point at the unit's place, 
whether the given number consists of integers, or decimals, or 
both. 

Ex. 2. Find the square root of 1481 -4801. ilgi .460! ( 38*49 

The pointing begins at the unit's place, 9 

and every alternate figure to the right and gg )^%\ 
left of the unit's place is marked as indicated 544 

in this example. As there are two dots to ijc^ )3748 
the left of the unit's place, the square root 3056 

consists of the whole number 38 and the 7689^69201 
decimal ; the working is exactly the same 69201 

as in the previous example. — ^ 

It should be carefully noticed that, to obtain the square root 
of a decimal fraction, the pointing should commence from the 
second figure of the decimal place. 

Ex. 3. Find the square root of -9216. 

•95l6('96 
81 

186)1116 
1116 

The method adopted will be evident from the working shown. 

As examples, obtain the square roots of the following fre- 
quently occurring nimibers ; these should be worked out care- 
fully, and the first two committed to memory. 

V^ = 1-414.., 
>^/3 = 1732. 1 
>^/5 = 2-236. ., 
>^ = 2-449 ... 
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The square root of all these numbers is an unending decimal. 
Thus, the square root of 3 can be carried to any number of 
decimal places, but the operation will not terminate. Such a 
square root is often called a surd, or an inconunensiirable 
number. 

In any practical calculation in which surds occur, the value is 
usually not required to more than two or three decimal places. 

If a number can be easily separated into factors, the square 
root can readily be obtained. The method adopted would be to 
try in succession if the number is divisible by 4, 9, 16, and 
other numbers of which the square roots are known. 

Ex. 4. To find the square root of 1296. 

1296=4x324=4x4x81, 
.. VT296=\/r6x"81 
=4x9=36. 

A similar method may be adopted in the case of numbers the 
roots of which cannot be expressed as whole numbers. 

Ex, 5. \/I^=\/6472 

= 8>/2; 

and remembering that the n/2 is 1*414 approximately, the value 
8 X 1 -414 = 11-312 can be found. 

Ex, 6. N/243=\/8inr3 

= 9n/3. 

In many cases where a surd quantity occurs in the denominator 

of a fraction, it will be found advisable, before proceeding to 

find the numerical value of the fraction, to transfer the surd 

from the denominator to the numerator ; this is readily effected 

by multiplication. Thus, if as a result to a given question we 

100 
obtain the fraction -=r, we may proceed to divide the numerator 

by Vs or 1'732... in order to obtain the numerical value of the 
fraction ; but it is better and simpler to multiply both numerator 

and denominator by n/3; this gives ,_, = == ; and in 

V 3 X V 3 3 
this form, knowing that V3 = 1*732..., it is only necessary to 
move the decimal point two places to the right and divide by 3. 
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Square Boot of a Fraction.— In finding the square root of a 
fraction, it is necessary to obtain the square root of numerator 
and denominator. When the denominator is not a perfect 
square, we may proceed to first multiply both the numerator and 
denominator by the number which will make the denominator 
a perfect square, or, convert the given fraction to a decimal 
fraction, and find the root in the usual manner. 

Ex. 7. Find the square root of |^. 

Here if the numerator and denominator be multiplied by 2, the 

14 \/l4 

fraction becomes -- and its square root is ■-— -, in this manner only one 
16 4 

root requires to be extracted. 

Contracted Metbod. — In practical calculations the square 
root of any quantity is never required to more than a few 
significant figures, and when more than half the required 
number of digits have been found, the remainder may be found 
by contracted division. 

Ex, 8. Obtain the square root of 13 to five places of decimals. 

Here, proceeding as in the preceding ex- x§ ( 3*60555 

amples, the square root of 13 = 3 '605 is obtained 9 

together with a remainder 3975. The remain- qq )~400 
ing figures of the square root may now be 396 

obtained by contracted division, viz., by 7205)~40000 
dividing 3975 by 7205, giving 65, which is 36025 

placed with the number already obtained. 17205 ) 3975 ( 55 

Hence the required root is 3*60555. 3g02 

"373 

360 

13 

EXERCISES. XVI. 
Extract the square root of 

1. 531441. 2. 106929; 8037. 

3. 191810713444. 4. 13277-9529. 6. -00015625. 

6. 49084036 and of 90^. 7. 91. 

a 502681. 9. (i) 4928-742025; (ii) ff^f. 

10. 0006780816. U. -034596. 12. -05368489. 

13. 71. 14. 83-00849881. 15. 49984900. 

16. 484176016. 17. 100-020001. 18. 9042049. 









SUMMARY. 




19. 


(D/At; (ii) 


•081. 


20. (i) 123-46; (ii) 234135. 


21. 


3249-456016. 


22. 25-7049. 


23. (i) 8 ; (ii) -0002. 


21 19895*1025. 


25. 


3916380329. 


26. 41114. 


27. 


60013184. 


28. 


17-375. 


29. 1 094116. 


30. (i)20j;(ii)58j. 


31. 32i. 
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Suinmary. 

iDTOlntioo. — The continued multiplication of a number by itself is 
called Involution. The number itself is called the first power, 
the second power is called the square, the third the cube. Thus 
2^= square of 2, 2'=:cube of 2, etc. 

BvolutLon. — Given a number, the process of finding the root is 
called Evolution. The sign tj~ indicates the square root. Thus 
n/S means the square root of 9. This is also written 9^. 

OulM and OalM Boot. — If three equal numbers are multiplied 
together, the product is called the cuoe of the number taken, and 
the number itself is called the cube root of the product. Thus 
3 X 3 X 3, or 3»=27 and ^, or 27*=3. 



W,M. I. 



CHAPTER VI. 

AVERAGES. PROrORTION AND RATIO. MEAN PRO- 
PORTIONAL. UNITARY METHOD. PERCENTAGES. 

Averages. — What is called the mean or average of a series of 
quantities is often wanted ; indeed, the student himself will 
soon require to use the teim average when applied to various 
values. Thus, for example, if a railway train is found to 
complete a journey of 60 miles in Ij hours, we say that the 
average speed is 40 miles per hour ; which means that a train 
moving uniformly at such a speed would move over 60 miles in 
the given time. 

Again, if in a boat's crew of 8 men the weights of the men 
are respectively 12, 13, 10, 8, 9, 14, 15, and 11 st. ; then the 
total weight 

= 12 + 13 + 10+84-9 + 14 + 15 + 11=92 st., 
and the average weight =^=11 J st. 

Other simple instances could be quoted, the method in each 
and all cases being the same. The rule may be stated as follows : 
To obtain an average, first find the total of the given similar 
quantities, and divide the result by the number of quantities. 

Ex, 1. Find the average value of -52, -25, '32, 65 and -48. 
Here the total is 2*22, and dividing by the number of terms 5 the 
average is *444. 

There should be no difficulty experienced in grasping the 
fundamental principle of averages — namely, that the svm of the 
terms is equal to the average multiplied by the number of terms. 

In finding areas and volumes when studying Mensuration, the 
dimensions given — length, width, diameters, etc. — ^are assumed 
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to be average dimensions. In this manner errors due to slight 
irregularities in dimensions are corrected. 

EXERCISES. XVn. 

1. Divide the mean of '15, 2*01246, '1033 and 82*2 by 10*24. 

2. A railway passenger counts the telegraph posts on the line as 
he passes them. If 24 are passed in one mmute, what is the average 
speed of the train, the distance between each post being 58 yards ? 

3. If in the next two minutes 37 posts are passed, what is now 
the average speed ? 

4. If a truck with its load of 128 packages weighs 8 cwts. 12 lbs., 
what is the average weight of each package, the weight of the truck 
being 4 cwts. 1 qr. ? 

5. What is the average speed of a train (when in motion) which 
runs from London to Exeter, a distance of 193^ miles, in 4J hours, 
making one stoppage of 10 minutes, two of 5 minutes, and one of 
3 minutes on the way ? 

6. In 1881 the population of three towns was 22368, 43415 and 
10632 respectively. In 1891 the first had increased by 6 per cent.^ 
the second by 8 per cent., and the third decreased 10 per cent. 
Find the average population of the three towns in 1891. 

7. Express as decimals and find the average of ST^V* 13^|-, 21, 
0. 7f , A, 3¥ and 106^. 

8. A person works for 7 hours on Mondays, 11 hours on Tues- 
days, 9^ on Wednesdays, and 11^ on Thursdays, and is paid at the 
rate of lOd. per hour ; find his avei*age daily earnings. 

9. Given four measured distances as 113*501, 78*073, 29 034 and 
9*789 centimetres respectively, find the average and convert to the 
decimal of a yard. 

10. Five sums of money are respectively £2057*85, £3903*73, 
£1111*95, £1000 and £287*095 ; find the average. 

11. On a voyage lasting 14f days, the speed of a ship is found to 
be for the first 3 days at the rate of 13 miles an hour ; this speed is 
increased by 17 per cent, in the next 6^ days, and during the re- . 
mainder of the journey the speed is 390 mUes per day. Find 
the total distance in miles, and the average speed per hour. 

12. If 1 hr. 56 mins. is taken by a train to travel 84 miles 756 
yards, what is the average speed per second ? 

13. The average speed of a train for 2 hrs. 25 mins. is 271 miles 

Ser hour and 43^ miles per hour for 1 hr. 55 mins. ; find the total 
istance travelled. 

14. Determine the average sneed of a train which moves over 120 
yards in 15 sees., then 100 yards in 10 sees., and 85 yards in 5 sees. 
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15. An indicator diagram is divided into 10 equal parts, the 
pressures of the steam being 180, 180, 135, 100, 80, 63, 57, 50, 44 
and 40 : find the average or mean pressure. 

16. Find the mean pressure when the given pressures are 100, 
100, 100, 71-43, 55-5, 46*45, 38*46, 33*3, 29*41 and 26*31. 

17. A man training for a mile race runs the distance every day 
for 24 days, his time improving at a uniform rate. On the first 
day he takes 8 mins., on the last 4§. What is his average time ? 

18. The average weight of the 8 oarsmen in a boat is increased by 
2i lbs. when one of the crew, who weighs 11 st. 12 lbs., is replaced 
by a new man. What is the weight of the new man ? 

19. In a procession the route was 7 miles long, and there were on 
an average 15 rows of spectators on each side ; each person occupied 
15 inches of frontage. Calculate the number of spectators. 

20. How many persons are there in a procession which, moving 
uniformly at the rate of 3 miles an hour, and containing 10 persons 
in each yard of its length, takes 80 minutes to pass a place on the 
route ? 

Proportion and Batio compared. — In comparing the relative 
sizes of two objects it is a matter of common experience to refer 
to one as a multiple, — two or three times, etc., the other ; or a 
sub-multiple — one-half, or one-third, etc., the other; in this 
manner the comparison is made without reference to the exact 
size of either. A comparison of the relative sizes of two objects, 
without reference to their absolute sizeSy gives the idea of 
proportion. Quantities of the same kind are those which may 
be expressed in terms of the same unit. When two quantities 
of the same kind are considered, the relation which one quantity 
bears to another is called a ratio. Such a comparison is made 
by considering how many times one quantity is contained in 
the other ; in other words, a ratio is expressed by the quotient 
obtained by dividing the first quantity by the second. 

If the first quantity be 12 and the second 6, there are three 
ways of expressing the ratio, i.e, ^, 12-7-6, or, omitting the line, 
12:6. 

The ratio of 12 things to 6 similar things is definite, and 
indicates that the number of one kind is twice that of the 
other; but the ratio of 12 tables to 6 chairs conveys no meaning. 
In comparing two quantities of the same kind, we can assert 
that one is twice, three times, or some multiple or sub-multiple 
of the other, without defining what the unit implies. 



PROPORTION. 63 

Magnitudes may be either abstract or concrete numbers, but 
the ratio between them must always be abstract. Hence, it is 
necessary, in comparing magnitudes, that the quantities be 
written in terms of a common unit. For example, the ratio of 
3 tons to 14 lbs., or the ratio of 10 feet to 4 inches is obtained 
by considering that as there are 2240 lbs. in a ton, the first- 
named ratio would be 3 x 2240 : 14 ; the second, since 12 inches 
make 1 foot, would be 10 x 12 : 4. 

When it is required to divide a number in a given ratio, it is 
only necessary to add together the two terms of the ratio for a 
common denominator, and take each in turn for a numerator. 

Ex. 1. Divide £35 in the ratio of 2 : 5. The denominator becomes 

2 + 5, and the required amoimts are 7- of 35 and -7- of 35 =£10 and 
£25 respectively. 

Beginners are often confused when required to divide a given 
number in the proportion of two or more fractions, and begin 
by taking the given fractions, instead of proceeding to reduce 
to a common denominator. The way to proceed may be shown 
by an example : 

Ex, 2. Divide £70 in the ratio of ^ and J. This does not mean 
f and i^ of 70 ; but, as fractions with the same denominators are in 
the same proportion as their numerators, it is necessary to write ^ 
as yV and ^ as -^. Then the question is to divide £70 in the ratio 

3 : 4, and the required amounts are y of 70 =£30, and y of 70 =£40. 

Proportion. — The two ratios 2 : 4 and 8 : 16 are obviously 
equal, and their equality is expressed either by 2:4 = 8:16, 
or by 2 : 4 : : 8 : 16. When, as in the given example, the two 
ratios are equal, the four terms are said to be in proportion, 
hence : 

Fotir quantities are said to he proportional, when the ratio of the 
first to the second is equal to the ratio of the third to the fowrth. 
That is, when the first is the same multiple or sub-multiple of 
the second, which the third is of the fourth, the quantities are 
proportional. 

We may thus state that the numbers 6, 8, 16, and 20 form a 
proportion. The proportion is written as 6 : 8 : : 15 : 20, and 
should be read as 6 is to 8 as 15 is to 20. 

The first and last terms of a proportion are called the 
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extremes, and the second and third terms the means ; in the 
last example 6 and 20 are the extremes, and 8 and 15 are 
the means in the proportion. 

When four quantities are proportional, the product of the 
extremes is equal to the product of the means. 

Thus, 6x20=8x15, or f=J4> ^^ which the proportion is 
written as the equality of two ratios. 

Since the product of two of the terms of a proportion is equal 
to the product of the other two, it follows at once that if three 
terms of a proportion are given, the remaining one can be 
calculated. 

Ex. 1. Find the second term of a proportion in which 14, 12 
and 15 are respectively the Ist, 3rd and 4th terms. 
14 : required term : : 12 : 15 ; 

.*. required term = — ^o — = l^J. 

Direct Proportion. — ^Three quantities are said to be in direct 
propcrrtion when the first is to the second as the second is to the 
third. 
Thus 4 : 6 : : 6 : 9 is a direct proportion. 
.-. 4x9=6x6=62, 
or 6=V36. 

Mean Proportional. — ^When the second term of a proportion 
is equal to the third, each is said to be a mean proportional to 
the other two. Thus, in the above examples 6 is said to be a 
mean proportional to 4 and 9. 

Third Proportional.— When three quantities are in propor- 
tion and are such that the ratio of the first to the second is the 
same as the second to the third, then the latter is called a third 
proportional to the other two. 

Unitary Method. — By the previous methods of simple pro- 
portion, when three out of the four terms are known, we may 
proceed to find the remaining one. In practice this may often 
be replaced by a convenient modification called the Unitary 
Metlhod^ in which given the cost, or value, of a definite number 
of articles, or units, we may by division find the value of one 
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unit, and finally the value of any number of similar units 
by multiplication. The method may be shown by the following 
simple example : 

Ex. 1. If the cost of 112 articles be lOs., what will be the cost of 
212 at the same rate ? 

Using the three given terms, we may write the following pro- 
portion : 

112 : 10 :: 212 : required term, 

/. required term = ^W-^ = 18s. ll|d. 

By the unitary method we should proceed as follows : 
If the cost of 112 articles be 10s., then the cost of one article . 
at the same rate is TT^.t 

therefore the cost of 212 articles is yts ^ 212b. = 18s. ll|d. 

Geometrical and Arithmetical Means.— The geometrical 
mean (written g.m.) between two numbers is found by taking 
the square root of their product. 

Thus, the g.m. of 4 and 9 is \/4x9=6 ; and the g.m. of 9 and 
16 is 12. 

The arithmetical mean (a.m.) is half the sum of two numbers. 

44-9 
The arithmetical mean of 4 and 9 is — ^— = 6*6. The aiithmetical 

mean of 9 and 16 is 12*5. 

Ratios of very small qnantities.— In finding the ratio of 
one quantity to another, it is only the relative magnitudes of 
the two quantities which are of importance. The quantities 
themselves may be as small as possible, but the ratio of 
two very small quantities may be a comparatively large 
number. 

Thus rifty^=*001 is a small quantity, and so is '00001, but the 

•001 
ratio of '001 to -00001 is .^^ = 100. Again -0000063 is a very 

'UUUOl "OOOOOSl 

small number, and so is -0000081, but the ratio of .QQQQQgo ^^ 

simply fj or ^=1J. This very important fact concerning ratio 
is often lost sight of by beginnerS) and it must be carefully 
noted in making calculations. 
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EXERCISES. XVIII. 

1. Find a fourth proportional to 279, 2*75 and 1275. 

2. Find the ratio of 23^ of 7 tons 2 cwts. 1 qr. 9^ lbs. to 21 tons 
7 cwts. 

3. If 100,000 bricks can be obtained for £150, what will be the 
price of 12 ? 

4. If 35^ lbs. of sugar cost £1. 2s. 2id., how much will 2 cwts. 
51 lbs. cost? 

5. If 10 men receive £28. 10s. for 6 weeks' work, how many 
weeks must 8 men work to receive £38 ? 

6. If T of an estate be worth £450, what is the value of H of 
the estate ? 

7* What number bears the same ratio to 7 of 2*40583 that 
£5. 4s. ^d. does to £104. 58. 5d. ? 

8. Find the ratio which f of £27. Is. 5|d. bears to *6 of 
£42. 10s. lOfd. 

9. If a train travel 215 miles in 10 hrs. 45 min., what distance 
will it travel in 24} hrs. at the same rate ? 

10. In what time will 25 men do a piece of work which 12 men 
can do in 15 days ? 

11. Divide £814 among three persons in the ratios f • t ^ f • 

12. If the carriage of 8 cwts. for 120 miles be 24s., what weight 
can be carried 32 miles, at the same rate, for 18s. ? 

13. Find a fourth proportional to -45, '8, and '367. 

14. Divide 204 into three parts proportional to the numbers 1, 
8, 9. 

15. Find the number that is to 7f in the ratio of £3. Is. 3d. to 
£4. 13s. lid. 

16. Express the ratios of 
(i)2ito7^. 

(ii) f of 53 cwts. 3 qrs. 3 lbs. to 0*4 of 65 cwts. qrs. 11 lbs. 

17. Divide £56 between A, £, C and D in the ratio of the 
numbers 3, 5, 7 and 9. 

18. A sum of £32,818 is to be divided among four persons in the 
proportion of the fractions f , f , 7, and f ; find the share of each. 

19. A bankrupt owes three creditors £240, £360, and £400 
respectively ; if £325 is divided among them in proportion to their 
claims, how much will each receive, and how much will be paid 
in the £? 

20. A gentleman divided the sum of £10 among his three sons in 
the proportions of their respective ages, which were 12f , 9f , and 7^ 
years ; what was each son's share ? 
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Percentages. — The rate of increase or diminution, of one 
quantity as compared with another of the same kind is often 
expressed in the form of a percentage. A percentage is simply a 
frojctum with a denomiTiator of a 100. This enables a comparison 
to be made at once, without any preparatory labour, in order to 
reduce fractions to like denominators. Examples on percentages 
occur so frequently, and are so varied, that it is difficult to select 
typical illustrations. The following, however, may make the 
matter clear. 

Suppose that two classes, of 20 and 50 students respectively, 

are expected to attend an examination. In the first named 

18 students, and in the second 47 students, present themselves. 

Then we might say that 2 in 20 and 3 in 50 were away from 

the examination ; but the comparison is most easily made by 

finding the percentage in each case. Thus, in the first case we 

2 
have ^ X 100= 10 per cent. ; 

in the second case 37: x 100=6 per cent. 

DO 

These results would be written as 10% and 6%. 

Ex. 1. Suppose the population of a town in 1885 was 15,990, 
and in 1890 was 20,550. The actual increase = 20550 - 15990 = 4560 ; 
but although the actual increase is useful it is much better to be 
able to state the rate at which the population is increasing for each 
100 of its inhabitants. The increase for each 100 of its population 
is found by simple proportion as follows : 

15990 : 100 :: 4560 : answer required. 
. 4560 X 100 ao ^ 

" ^^^^= 15990 =^^' 
Thus the increase for each 100 of its population is 28*5. This 
number is called 28*5 per cent., and is written 28*5%. The rate 
per cent, enables an increase or diminution to be readily referred to. 
Ex, 2. The population of another town in 1885 was 20,400, and 
in 1890 was 24,960. The actual increase (as before) is 4560, but it 
does not follow from this that the two towns are increasing at the 
same rate. In this case the rate of increase is obtained from : 
20400 : 4560 :: 100 : answer. 

•• An8wer= ^^Q^^ =22'3. 
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Hence, the population of the latter is not increasing as fast 
as the former town by 6 per hundred, or, as usually written, 
by 6%. 

In like manner percentages are often used to compare the 
proportions of lunatics, paupers, criminals, etc, in different 
towns. Bate or debt collectors and others are usually paid at 
the rate of so much per cent. If a rate collector is paid at the 
rate of 2 per cent., for example, this would mean that for every 
£100 collected he is allowed £2 ; for every £50, £l, etc. 

Ex. 3. If in a machine it is found that a quarter of the energy 
expended is lost in frictional and other resistances, we should say 
that 25 per cent, is lost, meaning that -ysjs is lost. This does not 
tell us the actual numerical amount of the loss, all that we can 
infer is that for every 100 units of work expended on the machine 
25 units disappear. Such a percentage also enables a comparison 
to be made, and is a convenient method of expressing the efficiency 
of machines. If one machine has an efficiency of 75 per cent, and 
another of 80 per cent., we know that the second is 5 per cent, 
more efficient than the first. 

If, in addition, we know that 25 per cent, is the total loss due 
to all resistances, but 10 per cent, of this is due to the resistance 
of a particular part of the mechanism, this gives a perceniag^ qf 
a percentage and its numerical value is 

26 «10 26wlO 260 n e e%\ ±. 

TTTO" o^ TTJIT ~ TFiy ^ TTnT "" 10000 "" ^^> ^^ 2^ per cent. 

Ex. 4. A reef of quartz contains '0044 per cent, of gold. If the 
quartz produces £5. 12s. per ton, find the weight of a sovereign in 
grains. 

£5. 12s. =£5j^^= 5*6 sovereigns, 

1 ton =2240 X 7000 grains, 
and -0044 per cent. = '^^^= -000044. 

.*. weight of 5*6 sovereigns = -000044 x 2240 x 7000 
= •44x224x7. 

weight of 1 sovereign = '^^,^^'^ 

O'O 

= 123-2 grains. 

Ex. 5. Seventy-five per cent, of the area of a farm is arable ; of 
the remainder eighty-five per cent, is pasture, and the rest is waste ; 
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the area of the waste is 3 acres r. 20 p. What is the area of the 
farm? 

75 per cent. = yjtu* or T o^ ^^^ area is arable ; 
25 per cent. =iinr» or y of the area is pasture and waste ; 
and of this quarter 85 per cent, is pasture. 

.'. 15 per cent, is waste. 
But YJTU X i of the area=3 ac. r. 20 p. 

•'• T(T of the area =3 ac. r. 20 p. 
.-. area of the whole farm = ®^ (3 ac. r. 20 p.) 
=83 ac. Ir. 13^ p. 

EXERCISES. XIX. 

1. A collector receives 2} per cent, commission. If he collects 
£90, find his commission. 

2. If oranges are bought at the rate of 12 for 8d. and sold at 
8 for Is., what is the gain per cent.? 

3. Find the value of 7i per cent, of £125. 48. lOd. 

4. Find the profit per cent, when £7. 4s. lid. is gained by an 
outlay of £123. 6s. 8d. 

5. Two parts of chicory costing £1. 9s. 9d. per cwt. are mixed 
with five parts of coffee costing £8. 4s. 6d. per cwt. ; the mixture is 
sold at Is. 4d. a pound : find the profit per cent. 

6. One kind of tea is sold at 38. a pound, at a profit of 20 per 
cent. ; another kind costs 2s. 8d. a pound. If 4 lbs. of the former 
are mixed with 5 lbs. of the latter, and the mixture is sold at 3s. 4d. 
a pound, what is the profit per cent.? 

7. A builder sold a house for £945, thereby caining 8 per cent, on 
his outlay ; what did it cost to build it ? If the purchaser lets the 
house at £70 a year, find how much per cent, per annum he makes 
on the purchase money. 

8. A general having lost two-sevenths of his men in battle, and 
6 per cent, of the remainder by sickness, found he had 95,880 men 
left ; how many had he at first ? 

9. If to every gallon of whisky a spirit merchant adds a pint of 
water, and sells the mixture at the same price per gallon as he gave 
for the whisky ; what is his profit per cent.? 

10. By selling an article for 49s. 6d. the gain is 10 per cent. ; what 
will be the gain if the price is raised to 57s.? 

11. By selling 10 acres of land for £4699. 88. 3d. a man gained 
5} per cent. ; what was the original price per acre ? 

12. If 17 lbs. of tea worth 4s. be mixed with 25 lbs. at 4s. 8d., 
and the whole sold at 5s. 4d. per lb. ; what is the total gain and the 
profit per cent.? 
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13. If gunpowder consists of 10 per cent, sulphur, 15 per cent, 
charcoal, and 75 per cent, nitre; how much of each material is 
required to make up 2^ cwts.? 

14. If the populations of three towns in 1871 were 42,913, 8724, 
and 985,577 respectively, and in 1881 it is found that the first has 
increased by 7 per cent., the second by 10 per cent., and the third 
by 13 per cent. ; find the increase per cent, of the united populations 
in the same time. 

15. From a vessel containing a gallon of water a pint is removed, 
and in its place a pint of brandy containing 40 per cent, alcohol is 
added ; what percentage of alcohol is there in the gallon of liquid ? 

16. If eggs are bought at lOs. a gross (144) and sold at Id. each, 
what is the profit per cent.? 

17. A quantity of ore containing 23 per cent, of copper is bought 
at 9s. per cwt. ; 95 per cent, of the copper is extracted at a cost of 
28. lOJd. per cwt. oi ore ; find the price per ton at which the copper 
must be sold if a profit of 15 per cent, is to be made. 

18. Two vessels contain each a mixture of water and wine, in the 
ratio of 2 : 3 and 3 : 7 respectively ; what quantity must be taken 
from each to form a mixture which shall consist of 5 gallons of 
water and 11 of wine ? 

19. A sells a house to ^ at a loss of 10 per cent. ; B resells the 
house to ^ at a gain of 10 per cent. : what percentage of the original 
cost has A gained or lost by the double transaction ? 

20. In what proportion must a merchant mix one kind of tea at 
3s. per lb. with another at Is. 6d., so that by selling the mixture at 
2s. 8d. he may make a profit of 25 per cent.? 

21. Two houses are of equal value ; by selling one for £127. lOs. 
there is a loss of 15 per cent. For what sum must the remaining 
one be sold in order to gain 8 per cent, on the whole transaction ? 

22. The populations of the upper and lower parts of a town were 
e<^ual, and after the former had fallen 20 per cent., and the latter 
risen 15 per cent., the total number of inhabitants was .39,390 ; what 
was the population of each part at the first? 

23. If the cost of travelling by rail for 42 miles is 5s. 3d., what is 
the cost of travelling 35 miles at a price per mile 20 per cent, higher ? 

24. The population of a country is 18,844,000 ; of these 1,499,000 
were employed in agriculture, and .3,110,000 in trades: find the 
percentages of the whole population of each of these classes. 

Summary. 

Average. — The average or mean of a given number of similar 
quantities is obtained by dividing the total sum of the quantities by 
the number of quantities. 
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Ratio. — The relation between two quantities of the same kind, or 
the quotient obtained by dividing one by the other, is called a 
Ratio. Hence the ratio of 3 to 9 = f = ^. 

Proportion is the equality of two ratios. The four numbers 3, 4, 
lb and 20 form a proportion, or the ratio of the first two is equal to 
the ratio of the last two terms, 

•*• | = i^, or 3: 4:: 15:20. 
When three terms are known the fourth can be found. 
The product of the means, or 4 x 15, is equal to the product of the 
extremes, or 3 x 20. 

Mean Proportional — When three quantities are in proportion and 
the second and third terms are equal, each is said to be a mean pro- 
portional to the other two. 

Tliird Proportional. ~ When the ratio of the first term to the 
second is the same as the second to the third, the latter is called a 
third proportional to the other two. 

Means. — The geometrical mean of two numbers is the square root 
of their product; the arithmetical mean is half the sum of the 
numbers. 

Percentage.— By percentage is simply meant a fraction having 100 
for its denominator. 



CHAPTER VII 

ALGEBRA. 

EXPLANATION OF SYMBOLS. SUBSTITUTIONS. 
ADDITION. SUBTRAOITON. 

Explanation of Ssrmbols. — In dealing with numbers, or 
digits, as the numerals 1, 2, 3 ... are called, accurate results are 
obtained whatever be the unit employed. Thus, the digit 7 
may refer to 7 shillings, ounces, yards, or other units. In 
adding two digits, such as 7 and 5, together, we obtain the sum 
12, whatever the unit employed may be. 

The signs already made use of in Arithmetic are also em- 
ployed in Algebra, but in Algebra representations of quantities 
are utilised which have a further generality. Both letters and 
figures are used as symbols for numbers or quantities. These 
numbers may be kruywn numbers and are then usually repre- 
sented by the first letters of the alphabet, a, 6, c, etc., or they 
may be numbers which have to be found, called unknaivn 
numbers, and these are often denoted by a?, y, z, 

• 1 I I 

A BCD 

Fio 4. 

A more general meaning is given to the signs + and - . 

If a distance AC measured along a line AD (Fig. 4) is said to 
be positive, the distance CA measured in the opposite direction 
would be negative. 
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The result of the first measurement could be indicated by 
+ &! while the same distance CA, but measured in the opposite 
direction^ would be indicated by — a. 

Again, if a length CD be measured in the same direction 
from left to right and be denoted by +b, the length DC 
measured from right to left would be indicated by — b. 

Hence +a+6 would mean the sum or addition of the two 
lines, and so a line of length equal to AD 'ia obtained, where 
AD=AC+CD, 

Similarly, +a-6 would denote the length AB obtained by 
measuring a length a in the positive and a length h in the 
negative direction. 

The beginner will probably experience some difficulty in the 
consideration of these positive and negative quantities. In 
Arithmetic the difficulty is avoided, for the only use that is 
made of the sign - (Minus) is to denote the operation of 
subtraction, and in this idea the assumption is made that a 
quantity cannot be subtracted from another smaller than itself ; 
moreover in Arithmetic we are apt to assume that no quantity 
is less than 0. In Algebra, on the contrary, we must get the 
conception of a quantity less than 0, in other words, of a 
negative quantity. Thus, as an illustration, consider the case of 
a person who neither owes nor possesses anything ; his wealth 
may be represented by 0. Another person who not only 
possesses nothing but owes £10 is worse off than the first, in 
fact he is worse off to the extent of £10 compared with the first 
person. His wealth may, therefore, be denoted by - £10. 

Again, in what is called the Centigrade Thermometer the 
temperature at which water freezes is marked 0**, and that 
at which water boils 100"*, and any temperature between these 
may be at once written down. But it is often necessary to refer 
to temperatures below the freezing point. To do this we 
represent the reading in degrees, but prefix a negative sign to 
indicate that we measure downwards instead of upwards. Thus 
+ 5*C. or, as it is usually written, 5°C. indicates five degrees 
above freezing point, whereas - 5* C. indicates five degrees 
below. 

li AC denote a distance of 4 miles in an easterly direction, 
and AB a distance of 2\ miles (Fig. 4), then a person starting 
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from A and walking 4 miles in an easterly direction will arrive 
at (7 ; if when he arrives he proceeds due west a distance equal 
to 1 J miles he will arrive at B^ and his distance from A will be 
2^ miles ; or if as before a denote the distance AC^ and c the 
distance AB^ then if BC be denoted by 6, the distance from A 
would be expressed by +a-6= +c. 

Algebraical Sum.— When writing down an expression it is 
usual, where possible, to place the positive quantity first and to 
dispense with the + sign. The above expressions would, there- 
fore, always be written as a+6 and a -6. The signs placed 
between the numbers indicate in the first case the sum of two 
positive quantities, and in the second case the subtraction of one 
positive quantity from another. In the latter case the quantity 
a-h could also be described as the addition of a negative 
quantity 6 to a positive quantity a, by which what is called the 
algebraical sum of the two quantities is obtained. The alge- 
braical sum of two or more quantities is, therefore, the result 
after carrying out the operations indicated by the signs before 
the quantities. 

The algebraical sum of -1-10 and - 18= -8. 

In the quantity a- 6, if a represents a sum of money received, 
then —h will represent a sum of money paid away. The 
algebraic sum is represented by the balance a-h. 

It will be seen that in Algebra the word sum is used in a 
different and a wider sense than in Arithmetic. Thus, in 
Arithmetic a-h indicates that 6 is to be subtracted from a, 
but in Algebra it also means the sum of the two quantities. 

How a Product is expressed. — The arithmetical symbols 
of operation, -f-, -, x, and -r, are used in Algebra, but 
are varied according to circumstances. The general sign for 
the multiplication of quantities is x ; but the product of 
single letters may be expressed by placing the letters one 
after another ; thus the product of a and h may be written 
axh but is usually written as ah. In a similar manner the 
product of 4, a, ar, and y is expressed by Aaay. It will be 
obvious that this method is not applicable in Arithmetic. Thus 
5x7 cannot be written as 57. 

The product of two quantities such as a+& and c+d may be 
expressed as (a-H6)x(c-Hc£), or usually as (a-J-6)(c-Hd). 
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Expression. Quantity.— When, as in a+b-c, or ^kuct/, 
several terms are joined together by signs, they form what is 
called an algebraic eoopremon or quarUity, 

Other names used in Algebra.— Any quantity, such as 4a, 
indicates that a quantity a must be taken four times ; the multi- 
plier of the letter is called a coefficient ; and 4a, containing a 
coefficient and a letter is called a term. 

Multiples of the quantities a, 6, c, etc., may be expressed by 
placing numbers before them as, 2a, 36, bx ; the numbers 2, 
3, and 5 thus prefixed are called the coefficients of a, 6, 
and X. 

As in Arithmetic, p. 3, the product of a quantity multiplied 
by itself any number of times is called a iK)wer of that quantity, 
and is indicated by writing the number of factors on the right 
of the quantity and above it. Thus : 

a X a is called the square of a and is written a^ ; 
6 X 6 X 6 is called the cube of b and is written l^. 

Similarly, cxcy.c,,,n factors is written c" and indicates c to 
the power n. 

The number denoting the power of a given quantity is called 
its index (plural = indices) or exponent. 

It is very important that the distinction between coefficient 
and index be clearly understood. Thus 4a and a* are quite 
different terms. Let a = 2, then 4a = 8 ; but a* = 2* = 16. 

The use of signs may be exemplified in the following 
manner : 

Ex. 1. In the expression a^+&-e. 
Let a=4, 6=7, and c=3. 

Then a2+6-c=4»+7-3=23-3=20. 

Ex. 2. Find the value of 

,°^'t^' , when a=3, 6=5. c=2, a?=6. 
6a: - a* - c 

Here aa?+}^=^y,&+& =133, 

also 6aj-o»-c=6x6-3«-2= 19, 

ax^+b^ _133_, 

6a:-a2-c"' 19 '* 

W.M. I. E 
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Ex* 3. Find the valae of 

{ac - W)\/o«frc+6*cd+c»ad-2, 
when a=l, 6=2, c=3, d=0. 
Substituting these values in the given equation we obtain 
(3-0)>/lx2x3+4x3x0+(9xlx0)-2 
=3n/6^=6. 

In Ex. 3 it should be carefully noticed that, as one of the 
given terms d is equal to 0, any term containing that letter 
must be 0. Hence we may either omit all the terms containing 
that letter or, by writing them as in the above example, the 
terms in which the letter occurs are each seen to be equal to 
zero. 

EXERCISES. XX. 

1. What signs are used in Algebra to denote addition, subtrac- 
tion, multiplication and division 1 

What are the meanings of - , + , ( ) ? 

2. Represent J + J + J algebraically when a:=J. 
If a=6, 6=5, c=:4, d=l, find the value of 

3. 4db, 6&C, 3cd. 4. a^-h2ab, 2a^ a^a + b), 

6. a»+2a6-c+d. 6. 2aS-3a% + c8. 

7. aHa+b)'2abc, 2a>JW^^)+'J{2ac + c^), 
If a=5, ft=3, c=4, d=2, a:=7, y=6, e=l,/=0, find value of 

9. 2o-4c+2c + 66-d-a:. 10. 36 + 7e-4/+6o-46-c + 3y. 

11. 66+a+4c«-/+3«-6c + 2a?-3y. 12. "f"^^. 

Given r=4, «=10 and flr=32, find the value of 

13. S=rt+ig(^. ^^ ^=^' 15. S=n-igt^, 

16. Given W=75, r=110, find value of ^^'. 

Addition. — ^The addition of algebraical quantities denotes the 
expression in one sum of all the like quantities, regard being 
had to their signs. 

When like quantities have the same sign, their sum is found 
by adding the coefficients and annexing the common letters. 
Vma 7a+4a = lla. Also, 7a+3a+36+5a = 16a+36. 
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When several qiiantities have to be added together, they may 
be written in columns as here shown ; the positive 
and negative coefficients are then added separately, 7a +56 

and the sign of the greater value is prefixed to the -5a +46 
common letters. The operation would proceed as 3a -26 

follows : Arrange in columnis, placing the letters in 5a +76 

alphabetical order. Commencing with the row on ' 

the left-hand side, we have 7a + 3a = 10a. Now add to this — 5a ; 
or, in other words, from 10a subtract 5a, and the result is 5a as 
shown. 

Again 56 + 46 = 96 ; and 96 - 26 = 76. Hence the sum required 
is5a+76. 

EXERCISES. XXI. 
Add together 

1. a+36 + 4<j + 6d, 2o-6-3c-6d, 7a-56 + 9c-lld, 

and a + 146 + c+23d. 

2. 10a-86+8c-2d, 3a+36-7c + lld, -3a-176 + 9c+6d, 

and3a+96-c-12d. 

3. 7a+56-3c+4d, 3a-66-4<j-d, 36-5a-3c-3d, a+ft-c-d, 

a-6+c-d, and 3a-36+10c+2d. 

4. 2a:+3a-46, 3a;+2a-56, 4x-8a + 76, 9a;-4a + 66, 

5a:+7a-96. 

5. 3a?-7y+2z, 4y + 6z-a:, -32-2y + a, 4a; + 3z-y. 

6. -6aa?+26y-7, 36y+18-4z, 4aa:-9-6y, 26 + 3aa:-26y. 

7. Sxy-4az-\-2bCj 6az + 5mn - Sp, 26c-3xy + 8az, -xy-hc-az, 

-4az+Sxy-4hc. 
a 6o + 36, -6a+76, a + 6 + c, -a-36 + c, 2a2 + 3a-76, 

26-3c+a. 
9. 16a2+62+c2, 16a2+1662-16c2, Ha^ - 176^ + He'. 
10. 2yz+3a6, - 6<ra: + 2y2 + 5a6, 7ab-Scx+yz, ^k-Gyz-cx, 

2ca:+yz-8. 
IL a»-3a6+6»+a+6-l, 2a« + 4a6-36»-2a-26 + 3, 

3a2-6a6-462+3a+46-2, 6a2+10o6 + 562 + a + 6. 

Find the numerical value when a=l, 6=2. 
12. 2a«-6o6+26»+2a+26-2, 4a«+8a6-66»-4a-46 + 6, 

6a2-10o6-86a+6a + 86+4, 12a2+20a6 + 106»+2a + 26. 

Find the value of the result when a =2. 6=3 
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Add together 

Sx^-5xy-4y^+Sx+4y-2, and 6ar»+10a^+5y»+x+y. 
Find the numerical value of the result when x=2, y=5. 

14. a8 + 3a26-6o^2+26», 3a^+Sa% + 9dl/^+5b^, 

-4a3-9o'^6+4a62-46«. 

15. a'+a62 + ac2+5a2ft + a^-a6c + 3de/; 

Ua^-5ab^+'7ac^-3a^h + 2a^c-4abc-7acd, 

Subtraction. — In Algebra, to perform the operation of sub- 
traction, arrange the terms as in addition, change the signs of 
all the terms to be subtracted, and then add to the other 
expression. Thus, to subtract 7a from 13a, we reverse the sign 
of 7a and make it minus; for 13a -7a is only another way 
of expressing that 7a is to be subtracted from 13a. Thus 
13a - 7a = 6a. 

Ex, 1. From 5a+.3a?-26 subtract 2c -4y, The quantity to be 
subtracted when its signs are changed is - 2c + 4y, 

.'. the remainder is 5a + 3a? - 26 - 2c + 4y. 

Ex, 2. Subtract a2-2&-2c from 3a2-46 + 6c. 

Here, after arranging as in addition and changing « 2 _ Aft 4- «/• 

the sign, we proceed as in addition, thus : - ' o^ + 26 + 2c 

3a2 - a2=2a2 ; 26 - 46= - 26 ; and, finally, 2a^-2b + »c 

6c+2c=8c. 
Hence the result is 2a« - 26 + 8c. 

It is not necessary on paper to perform the actual operation 
of changing the signs of all the terms in the expression to be 
subtracted. The operation should be carried out mentally. 

Ex. 3. From 7a;^ - 2a? + 5 subtract 3a?2 + 5a? - 1 . 

Here we may as in Ex. 2 write the terms under each other, 
changing the signs of all the terms in the bottom 
line, but it is better to write them as they are given. *!x^-2x+5 

Then after mentally altering the sign of Sa^ we 3a;"+5a?-l 

obtain by addition 4a?^, Again mentally altering 4a;2-7a?+6 

the sign of 5a? and adding to - 2a; we obtain - 7a? ; 
and, finally, repeating the operation for the last figure we get the 
number 6. Hence the result is 4a:^ - 7ar + 6. 
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The subtraction of a negative quantity is equivalent to 
adding a corresponding positive quantity. 

If a length AB^ Fig. 5, be denoted by a, and another length 
BChy 6, then a+h would be represented by J (7, a line equal in 
length to AB+BC^ both being measured in the positive direction 
(from left to right). 

Also a-h would be a quantity obtained by subtracting h 
from a, and could be obtained by measuring off a length BD 
in a negative direction, so that a — 6 is appropriately represented 
hjAD. 

^ a -*^^-- b ^ 

I ■ I II 

'^ ..— a-i -^ I[ " 

A D B C 

Pia. 5. 
As BC is positive, the reversal of direction indicated by CB is 
negative, and would be indicated by -6. Thus a minus sign 
before a quantity reverses the direction in which the quantity 
is measured. Now, to subtract h from a, we reversed the 
direction of h and added it on to a. If then we have to sub- 
tract a negative quantity, —h or CB, from a positive quantity a, 
by reversing the direction we obtain BC or + 6, and adding on to 
a we get AC or a+h. We could indicate this by a- (-6), the 
negative sign outside the bracket indicating that the quantity 
inside the bracket has to be subtracted from a. The change in 
sign is true whether the quantity subtracted be positive or 
negative. Hence, the diagram proves the rule already given, 
namely, to subtract one quantity from another — change the 
sign of the quantity subtracted and proceed to add the two 
together. 

EXERCISES. XXn. 

1. Explain why -a + 6=-(a-6). 
Subtract 

2. 6a'»+a-26 + 3 from 12a»-3a + 6-l. 

3. 6y'-6y+3a from Cy^ _ 4^ _ a. 

4. 2a2+66 from 6a»-26. 

5. 3a:y-8a:-7 from 5xy+Sx-2. 

6. x^+ay+lS from fiai^-^y+lO. 
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Subtract 

7. 4a3+5a36 + 7a6«-7&' from 3a» - 6a«6 + 6a6« - 76». 

8. a»-3aa6 + 3a6«-6» from a» + 3a%+3a6»+6». 

9. ia-2b + Sc from 0a+66-5c. 

10. 5aa;+46y-9cz-2 from 4ax-%by-lcz, 

11. 4a:8-3a;2_a.+2 from 7a:'-6a;"+2a:- 1. 

12. 3a+26 + c from 6a + 46+10c. 

13. 42+y«»+3a;-20 from 7»+6y + a; + 10. 

14. -2OTa-36a; + 4ay-3 from 8»i2 + fta? - 6ay - 2. 

15. 2a« + 3a«6-4a6»-76« from 3a«-4a^+2o62-368. 

16. f«-¥y from fa? + ly. 

17. 3a^-4o6 + 562 from the Bum of a«-a6 + 6» and 2a« + 3a6-46». 

18. Add together 3a?V - IQ/, - aV + 5y*» S^r^^ - V. 4ary + 2y*, 
and from the sum subtract lOaj^* - 4i* - 6y*. 

19. Subtract 2a:»-«2y-4a:y2+y» from ^si?'-2xhf + ^y^-if^, 

MISCELLANEOUS EXERCISES. XXHI. 

1. Add together 3a6+a;, 4ac - y, - 3a6 - z, - 2ac - a;, ac + ^, 

2. Subtract Saa: - 26y ■\-\cz + Smn from 4aa; + 46y - 7c2 + 4mn. 

3. Find the value of .(a-6)2 + (6-c)» + (a-6)(6-c) + 5c2 when 
a = l, 6= -2, c=J. 

4. When a?= 1 and a = - 2, find the value of 

3(a + 2a:)2-2(a + 2a:)(a-2a:)+(a-2a;)2 

5. If a = f , 6 = 1^1 c == Tf find the value of 

(7a-96)a + (146-16c)«+(9a-12c)2. 

6. Find the value of (5a - 36) (a - 6) - h{3a - c (4a - 6) - 6»(a + c)}, 
when a=0, 6=-l, c=5^. 

7. {ac-hd)>Ja^-b^+c^ad-2, whena=-l, 6=2, c=3, d=0. 

8. 3a6c - 26cd \/a^bc - c^hd+S, when a=0, 6=1, c= -2, d=3. 

9. (i) 20(a:-2y)(a: + 4y); "'^ ^'^- 

when 2aj=3, and y= -0*4. 

10. (i) a^^; 

(iii) 3ajy + 4a2+N/(10-a:y); 
when «= - 2, y =3, and 4a= - 1. 



' '3y+l 


* 


(iv) aV; 




(ii) * - 
a-y 


y 
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Summary. 



Algetoaical sam. — The algebraical sum of two or more quantities 
is the result obtained after carrying out the operations indicated by 
the signs before the quantities. 

Addition is performed by adding together like terms. 

Babtraction. — Alter the signs of the quantities to be subtracted, 
and proceed as in addition. 



CHAPTER VIII. 

ALGEBRA. 

MULTIPLICATION. DIVISION. USE OF BRACKETS. 

Multiplication. — As already seen in Arithmetic, multiplica- 
tion may be considered as a concise method of finding the sum 
of any quantity when repeated any number of times. The sum 
thus obtained is called the product. In Arithmetic the sign x 
is employed, but in Algebra this may, or may not be used ; 
thus, ab=axb ; a{x-y)=ay.{x—y\ etc. 

In multiplying, what is called the Eule of Signs must be 
observed, t.6. The product of two terms with like signs is positive ; 
the produ^ct of two terms with unlike signs is negative. 

As this rule usually presents some difficulty, we may with 
advantage 'explain the reason for it, thus : 

Take any two factors, such as 3 and 5, then the possible 
varieties of the signs may be 

5x3, -5x3, 5x-3, -5x -3. 
The first product we already know is 15, the second is obviously 

- 6 repeated three times and is therefore - 15. 

The third case is more difficult, but the result may be ob- 
tained as follows : Assume the multiplier - 3 to be increased 
by 4, the product would then be 6x4, or 20 too great. But 

- 3 increased by 4 is 1, and 6x1=5; hence the result is 5 - 20, 
or -16. 

In a similar manner, if in the last case the multiplier be 
increased by 4, the result will be -5x4 or -20 too great. But 
the multiplier - 3 increased by 4 is 1. And since - 6 x 1 == - 6, 
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to obtain the product we have to subtract - 20 from - 5 ; but 
as in subtraction the sign of the term subtracted is changed, 
it is necessary to change the sign of - 20, which then becomes 
+20, and the required product is -5+20=15. 

Similar results would obviously be obtained for the product 
of any two factors ; hence the rule of signs is seen to be true. 

In a similar manner, if a is to be multiplied by 6, it means 
that a has to be added to itself as often as there are units in h ; 
hence, the product is a6. 

If - a is to be multiplied by - 6, it means that - a is to be 
subtracted as often as there are units in h. But since to subtract 
a negative quantity is the same as to add a positive one (p. 69), 
the product is again ah. 

Again, if - a is to be multiplied by 6, it means that - a is to 
be added to itself as often as there are units in 6, hence the 
product is -ah. The same result would be obtained by multi- 
plying a by —h. 

Rule. To multiply two simple expressions together, multiply 
the coefficients and add the indices (p. 65) of like letters. Rememher 
also thai like signs produce +; unlike signs produce -. 

Ex. 1. 4a6 X 3a«62= i2o86s. 

Ex. 2. 4a»62cV x M'}^c^ =^2Aa'}^<^t\ 

When the expressions consist each of two terms, the process 
of multiplication is conveniently arranged as follows. 

Ex. 3. Multiply a; + 5 by a? + 6. 

Write down the two expressions as shown, one under the other ; 
multiply each term of the first expression by each term of the 
second, and arrange the results as here indicated ; 
begin at the left-hand side, thus, xxx=oi^. Write x + 5 

the a^, and the product of or and 5 or 6x. As the a? -f 6 

signs are alike, the sign of each of these products 0^+ 5x 

IS +. Next multiplying by the second term 6 we 6a; + 30 

get 6a; +30; the term 6a; is placed immediately 3;^+ 11a; +30 

below the corresponding term 6a;, and the term 30 '"■—"—""" 
on the extreme right-hand side ; finally, add the 
terms together to obtain the product. By arranging the terms one 
under the other, and multiplying, the result can always be obtained. 
But this is not enough ; in such a simple expression the student 
should be able to at once write down the product by inspection. 
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This is effected by noting that the first term a^ of the product is 
obtained by multiplying together the two first terms in the given 
expressions ; the last term is the product of the two second terms 
6 and 5, and the middle term is the product of x and the sum of 
the two second terms. 

.-. (a; + 5)(a: + 6)=x»+llaJ+30. 
In a similar manner, 

(o+6)». or (o+6)(a + 6)=a«+2a6 + 6», 
(a-6j", or(o-6)(o-6)=a«-2a6 + 6», 
(a;-5)(a;-6)=a«-lla:+30, 
(a:-5)(x+6)=a*+a:-30, 
(aj+5)(x-6)=a«-aj-30. 

When the product of two expressions containing more than two 
terms is required, it is usually convenient to arrange the terms 
one under the other, and to proceed as in the following example. 
Sx, 4. Multiply together 14ae-3a6+ 2 and a<;-a6 + l. 
I4ae-3a6+2 

ac- gft-Fl 

14aV- 3a%c+ 2ac 

-14a>&c +3o«6»-2o6 

+I4ac -3ofc-i-2 

14oV-17o^ + 16ac + 3o«fc>-5o6 + 2 

Proceeding as in Ex. 3 we have 

14ae X ac = I4a\^. 

Next -3a6xa<:=-3a%c 

and finally acx2=2ac 

In a similar manner, by multiplying by - a6 the second line is 
obtained. After writing down the third line, the terms are added 
and the product is thus found. 

Gontmiiad Product. — When several quantities are multiplied 
together the product obtained is called the continued produei of 
the quantities. 

Bx, 1. The continued product of 36, 7c and 2a is 42a6c 

EXERCISES. XXTV. 
Multiply 

1 a>+2a%+Sa6*+36> by a>-3a>6+Sa6*. 
2. x*-4jry+6y* by x-5y. 8L x*-5xy+6y* by x-4y. 

4. Plrove that («-6+c)(*-c+a)-(c-*+a)(c+m-6)=:2c(6-c-a). 
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Multiply 
6. 4a2+12a6+96« by 4a^-12ab+%^ 

6. 6a;* - 3a^ +x hy 4a?* - 2ai^ + 5. Find the numerical value when 
a;=-l. 

7. {a^+b^ + c^-ab-ac-hc) by (a + 6 + c). 

8. Show that ( - a) X ( - 6)= +o6. 

9. Multiply 5ar^ - 6«y + 7y2 hy 7x^+Qan/~ ^\ 

10. Express by algebraical symbols : Three times the square of a 
multiplied by h added to the difference between the cubes of a and 6. 

11. Multiply a;^+y^ + 2^ + a:y- ax 4- yz by x-y + z. 

12. Multiply together x^+ax + a\ x^-ax-\-a^, and x^-a^. 
Multiply 

13. a^+2ab + h^-€^ by a^-2ab + h^+c'^. 

14. a^ + y^+z^-yz-zx-xy by x+y + z. 

15. 4a2-4a6-362 by 2a^ + 3ab-W. 

16. |x2-a:+f by 3a;3 + 2a;+lJ. 

17. a-26+1 by 2a + 6 + l, and by 2a + 36+1. 

18. Multiply together ar»-7a:+6, a?»+7a;~18, a^^-l. 
Multiply 

19. a^+2ab-Sb^ by a^-5ab + ib^ 

20. a3-oa:2_2a2a:+a3 by x^ + ax-a^ 

Division. — In Algebra, as in Arithmetic, the terms divisor, 
dividend and quotient are used ; hence, from a given dividend 
and divisor, we can by the process of division, proceed to find 
the quotient of two or more algebraical expressions. When the 
divisor is exactly contained in the dividend, then the product of 
the divisor and the quotient is obviously equal to the dividend. 
When the divisor is not exactly contained in the dividend, and 
there is a remainder, the remainder mttst be added to the 
product of the quotient and the divisor in order to give the 
dividend. 

Ex. 1. Divide ISowj^ by 9aa; ; 

* 9aa: 
As in Arithmetic the work may be done by cancelling, thns, 
18-^9 gives 2, 
and aa^ -f ax gives x, 

hence the required quotient is 2x. 
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Me. 2. Divide ISa^fta by - 6a ; 

-5a 

In each case by multiplying divisor and quotient together we 
obtain the dividend. 

When the dividend and divisor both consist of several terms, 
we arrange both dividend and divisor according to the powers 
of the same letter, beginning with the highest. The following 
example worked out in full will show the method adopted : 

a2 + 2aa; + a?» ) a^ + 5a*a: + lOa^o-' + lOa^^ + 5aar* + a:« ( a»+3a%c+3aa^ 
a^ + 2a*x+ a?x^ 

3a^+ 6o3ar'4- Sa^o:^ 

3a«a;«+ 6o^a^ + 3aa;* 

Divide the first or left-hand term of the divisor into the 
dividend. Thus, a^ into a^ gives a^ ; write this quantity on the 
right-hand side as shown, and put the term a^ under the first 
term of the dividend. In a similar manner by multiplying the 
remaining two terms 2ax and x^ by a^ and subtracting we 
obtain 3a%-f-9aV. Now bring down the next term \Qa^a^^ and 
proceed as before. 

EXERCISES. XXV. 
Divide 

1. a^ + 2a:y + y2 by ;c + y. g. a? + 5a^x-\^ba^ + 3i^hy a + x, 

3. aJ»-9a;8+27a?-27bya?-3. 4. a^-h^hya-K 
5. a» + 68bya + 6. 6. a^ - 4a2.c + 4aar^ - ar* by a - x. 

7. a*-^a?^+b^hy a^+ah+l^, 8. a* + 46* by «« - 2a6 + 262. 
9. a;®-2aV+a«bya:2_2aa;+a«. 

10. a*-a%^-a\^-^h^e^hy a^-ab+ac-hc. 

11. a:«-20a3aJ»+343a«bya~5+aa;+7a2. 

12. 6x* + 5aJV+6«V^+5ay + 6y4by2aj2+3a:y+2y2. 
la 3fi-a^hyx^-ax + a\ 

14. x(oi^-yz)^-y{y^-xz) + z{z^-Qcy)hy x + y+z, 

15. 2.r«-10arV+9a;V^+13aV-"18ay+3j^by2ar»-3y2. 
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Divide 

16. afi-'{p^''^)it*-p^q^x^-q^hya^-p^x^+pqx-^^ 

17. (a;+y)'-aH^-y«byar^ + a;y + j^. 

18. a^+ar*+4ar»+21a2+23a?-40bya;2+4a: + 5. 

19. ofi-a^hy x^-ax + aK 

20. aH»+a:*-9ar»+33a^-7a;-49by aj2+3a;-7. 

21. 2x^ - 5ieh/ -dy^ hy x-Sy, 

22. Obtain the first six terms in the quotient when l-ar+a;^ is 
divided by l+x. 

Divide 

23. Sx^ + 4abx^ - ea^lyhc - 4aH^ hy x+2ah. 

24. a«+a»-a362+ot5_2a62 + &8bya8+a-6. 

25. 14a:* + 45a;Sy + 78a;V+46a:3/«+14y4 by 2ar' + 5a^ + 7y^ and 
verify the result by putting x=l, y=2 in the divisor, dividend, and 
quotient. 

Use of Brackets. — ^In Algebra it is frequently necessary to 
group parts of an expression, and the use of brackets for this 
purpose is very important. There are several forms of brackets 
in general use; for example, (), { }, []. Sometimes a line is 
placed over two numbers, and such a line has the same meaning 
as enclosing in brackets. Thus, if a quantity b +c h a s to be 
multiplied by d+f the terms may be written as b+cxd+f, or 
as (b+c){d+f). In this way the use of brackets gives a short 
method of indicating multiplication. The use of the different 
forms of brackets can be shown by the following examples : 

Ex. I. 3a -(46 -7c). 

Here, the brackets indicate that 4& - 7c is to be subtracted from 
3a, and it is obvious that the result obtained will be the same 
whether we first subtract 7c from 46 and afterwards subti*act the 
remainder from 3a, or first add 7c to 3a and subtract 46 from the 
sum. 

A positive or negative sign may occur before a bracket : if 
the former, then the signs of all the terms are unaltered when 
the brackets are removed ; if the latter (or negative sign), the 
signs of each term inside the brackets must be changed. 

Ex. 2. 3a+(46-7c + 3rf)=3a+46-7c+3rf. 
3o-.(46-.7c + 3d)=3a-46 + 7c-3rf. 

The other forms of brackets which are used are [ ] and { }. 
In each case they denote that whatever is in one pair of them is 
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to be regarded as one quantity to be added, subtracted, multi- 
plied or divided as a whole in the manner which the signs and 
quantities outside the brackets indicate. 

Ex. 3. Express the product of 2a +36 and Ac + bd, 
The quantities may be written as (2a +36) (4c + 5(2). 

Further, to indicate that 3/ is to be subtracted from the 
product and the result multiplied by 7e, we use another pair of 
brackets, thus, 7e{(2a+36)(4c + 5c?)-3/}; and to express that 
when Zx is subtracted from the last obtained product the whole 
must be multiplied by 8, we have to use another bracket, thus, 
8[7e{(2a + 36)(4c+6flO - 3/} - 3^]. 

In removing the brackets it will be found best to start from 
the inside pair. Moreover, to prevent mistakes, it is advisable 
only to remove one pair of brackets at each step. 

Ex. 4. Simplify 

4a;-[(4a?-4y)(4a;+4y)-{4a; + (4a;+4y)(4a;-4y)} + 4y] 
Multiplying the terms in the brackets we get 

= 4a; - [16x3 _ i6y2 _ {4a. + i6aJi - 16y2} + 4y] 
= 4a: - [16x2 _ i6y2 _ 4a. _ i6ar» + 16y3 + 4y] 
=4a; - 16ar»+ 16y2+4a:+ 16ar» - 162^2 _ 4y 

=8a;-4y. 

EXERCISES. XXVI. 

1. Explain the use of brackets, and prove that 

a + (6-c)=a + 6-c, 
a-(6-c)=a-6+c. 

2. Prove that a-{6-(c-d)}=a-6 + c-rf. 
Simplify 

3. 5(a-6)-2{3a-(a+6)} + 7{(a-26)-(.5a-26)}. 

4. 2(3a;-y)-4{2a:-(a;-y)}-3{(a;-4y)42(3a;-y)}. 

5. a-3[6-2{a-36}-2a]. 

6. 3(ar+2)-(6y-z)-2{a;-(2y+2)-(y-3z)}. 

7. l+a;-[l+ar + {l-a:-(l + a:)-(I--a: + l)}]. 
a {a-h-c) + {h + c-'d)-{c-d-f)-{f+g-c). 
9. 3a-[a+6-{a + 6 + c-(a+6+c+d)}]. 

10. 3a + 66-2c-{3a-26-(76-a + 3c)}. 

11. l-[2-(7-^^)] + 2-[3 + (4-^^)]. 
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Simplify 

12. 13a-[7a+6-{lla-56-(17a + 6)}]. 

-„ a r2c-3a f a-2c /„ 3a+c\1"| 

14. 3(2a-6-c)-5{a-(26 + c)}+2{6-(c-a)}. 

15. Find the value of ii^LD - { 2a: - (» - 3) } when x = 37. 

16. Find the numerical values of the following expressions when 
ar=-l, y=-2, z=i: 

(i) 2a;-{9y-8a; + 22-(4x + y)}. 
(ii) (a;+y-z)2+(a;+y)2(a;-y+z) + (a:-y)8. 

Simplify 

17. 7a+56-2c-(4a-36-2c). 

18. a+26-3c-{a-26-(a + 6-c)}. 

19. 7a-[4a + 3a-6)]. 

20. 4{3a-2(6-c + a)}-[6«-{2c-(56-4a)}]. 

21. [7a-36-4{26-3a-(46-c)}]-[c-2(3a-6)-5{2a-(66-c)}]. 

22. (a + 6 + c)8-(a + 6-c)8 + (a-6 + c)3 + (-a + 6 + c)»-24a6c when 
2a=2=-26=c. 

OQ 1 ^ 2 ^1 , 3a6 

24- ^("•^•y^^H^^f;^^^^ when .=i, y=8, .=}. 

25. When a=l, 6=3, c=4, d=0, find the value of 
(i) 3a26-5[6%+2(6-3c)] + aft(63-cd) + ~. 

. n/6M^ ■ 5(a+2c) 
^ ^ a+26 + c"^ h-d ' 

(iii) 3a63-4{6c2+2(c-36)}+ac(68-(fc) + ^. ' 

... n/^T2^ 3(a + 26) 
^ ' 0+26+^"^ 2c-a 



MISCELLANEOUS EXERCISES. XXVH. 

1. Multiply 3a:3-2aic2-4a» by 2a^-1ax+a^. 

2. Divide a^+2»»+l by a:»+2x+L 

3. Show that x{x-l){x-'2){x-S) + l={x^-3x+l)^ 

4. Divide 6a:*+6a^+6ar»- 17a:+6 by 6a:2_7a.+2. 
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5. Add together 

6. (i) Multiply ar*-5a:y + 6y2 by x-4y; 
(ii) Divide ia:^ - 3a% - 20y* by a;-2y. 

Find the namerical value of 

7. (i) 8a»+276»+c«-18a&c; 

when 6a=l, 96+1=0, and 2c=l. 

8. 1680+(r-7)[H70+(r-8){378 + (r-9)(35 + r-10)n, 
when r= -7. 

9. Remove the brackets from 

(3a-66)(a-c) + c{2a-c(3a-6)-6»(a-c)}, 
also find its value when a=0, 6= 1, c= - J. 

10. Remove the brackets from 

7a + 6[6-5{c + 4(6-3)(a+2c)}], 
and find its value when a =2, 6=3, and c=l. 

Add together 

11 ri\ ^_^4.^_y? ?!4.^_^4.y'. 

11. li; 3 4 + ^ 3' 2^ 12 12 "^2 ' 

(ii) 4a»+6(3c»-6a») + 6a«6-c(c2 + 36c) + c8-2o«(a+6). 

13. 468+c(3aa-662), 56«c - «« (a + 3c), a8-26»(6 + c). 

■^ ''{l-KI")}. Ht-^}- »{S-|i^-»i}- 

Multiply 

15. a+6+^+«'bya-64.'L__. 






Subtract 

17. (a-6)a;-(6-c)y from {a + b)x+{b + c)y, 

iQ ^_^+^_l^ from ?^+^-^+l^. 
^^3 4^4 3 '"^°^ 2^12 12^2 

19. 3y-a;+« from 3a:-5y-6z + (2a;+3y+42)-(4a:-3y-3z). 
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Subtract 

21, a(26 + c)-36c from a{b + 2c)-3bc, 

22. 6(2c+a)-3ca from b{c + 2a). 



23. (a-l+c) 



h a 
from a + 2+« + C' 



24. ^3^-ai^-x-7 from 4ai^-2a:^+x+l and from the remainder 
take ix^-ia^+2x + S, 

25. Find the value of 

when a=3, 6=4, c= -5. 

26. Find the value of 

(ac - he) (g + 6) + he {c-a)- ca {a - h) 
(b-c)(C'a){a + b) 
when a=l, 6=3, c=4. 

27. Find the numerical value of 

3a + 46 I 4a 

when 2a=l and 6= -2. 

28. Find the numerical value of 

when 8a=l and 26= - 1. 

29. Simplify 

(a-6)(6-c)(c + a) + (6-c)(c + a)(a + 6) + (c-a)(a + 6)(6 + c), 
and find its value when a=l, 6=3, and c= -2. 

30. Find the value, when x=5 and ^ = 3, of 

a:*-4a:V + 6g^^-5ay^ + 2y^ 
2x*-5x^y-}-6xh/^-4xy^+y*' 

31. If a; =2 and y= - J, find the numerical values of 

3{x + y)-2(x-y), aV, ^V, and ^^^^. 

x-y 

32. Multiply -6a*a:y* by lOaa^V' ^^^ divide the product by 
ISa'icy*. Verify the result by substituting a=-l, 3a; =2, and 
y= -3, in the multiplicand, multiplier, divisor, and quotient. 

33. (i) Simplify 2a-[ar*-{3y-a-(2a:-a:»)}-(o-2y)-3a:] ; 
(ii) Find the numerical value of 

when p=-2, g=-3, r=-4. 

W.M. I. F 
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34. Subtract the sum of 
o«-ar*-{a-a:-(2a:8-4)) and a» -a^-{a+ar-(a«-«»~3)} 

from 2a^-a^, 

35. Find the value of 



a-26(a-3c + 2) 3c + ^' 



when a=7, b= - 1, c= j 



Smnmary. 



Multiplication. — The product of two terms with like signs is 
positive, that of two terms with unlike signs is negative. To 
multiply two simple expressions together, multiply the coefficients 
and add the indices of like letters. 

Division. — The object of division is usually to find how often one 
quantity (the divisor) is contained in another (the dividend) ; the 
product of the divisor and the quotient, plus the remainder, if there 
is one, is equal to the dividend. 

Brackets. — The forms of brackets in general use are ( ), { }, and 
[ ] ; they are jised to indicate that whatever is in one pair of them 
is to be I'egarded as one quantity. Brackets are usually removed in 
the order named, beginning with ( ). 



CHAPTER IX. 

SYMBOLICAL EXPRESSION. SIMPLE EQUATIONS. 
PROBLEMS PRODUCING SIMPLE EQUATIONS. 

Symbolical Expression. — One of the greatest difficulties 
experienced by the beginner in Algebra is to express the condi- 
tions of a given problem by means of algebraical symbols, and 
some practice may be necessary before even the simplest 
problem can be stated. The few examples which follow are 
typical of a great number. 

Let X denote a quantity ; then 5 times that quantity would be 
6^, the square of that quantity would be ^, and a fourth part 

of the quantity would be indicated by -. 

If a sum of £50 were equally divided among x persons, then 

each person would receive . 

If the diiFerence of two numbers is 7, and the smaller number 
be denoted by x^ the other will be represented by :r-|-7. If the 
larger be denoted by x^ then the smaller will be represented 
by x-*l. 

If the distance between two towns is a miles, the time taken 

by a train travelling at x miles an hour would be - ; when the 

numerical values of a and x are known, the time taken can be 

obtained. Thus, let the distance a be 200 miles, and x the 

velocity, or speed, be 50 miles an hour, then the time taken is 

200 ^, 
-r7r = 4 hours. 
50 
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Although the letters a, x^ etc., are used in algebraical opera- 
tions, symbols are often employed which at once, by the letters 
used, express clearly the quantities indicated. Thus, distance or 
space could be denoted by « ; the speed, or velocity, by v ; and the 

time taken by t ; then instead of - we use -, or the relation 

XV 

between «, v^ and t is given by %—vt. From this relation, when 
any two of the three terms are given, the remaining one may be 
obtained. 

In the case of a body falling vertically, the relation between 
space described and time of falling is given by i=^\g^\ where % 
denotes the space described in feet, t the time in seconds, and 
g denotes 32*2 feet per second, or the amount by which the 
velocity of a body falling freely is increased in each second of 
its motion. In this case, given either % or ^, the remaining term 
may be found. 

Equations. — An equation may in Arithmetic, or Algebra, be 
taken simply to be a statement that two quantities are equal. 

Thus, the statement that 2 added to 7 is 9, may be expressed 
as an equation by 2 + 7 = 9. Obviously, in a similar manner, 
other statements of equality, or, briefly, other equations, could 
be formed ; and it will at once be evident that the greater part 
of the student's work in Arithmetic has been concerned with 
such equations. 

All such equations, involving only simple arithmetical opera- 
tions, may be called Arithmetical Equations^ to distinguish them 
from such equations as 2:p+7=9, which is called an Algebraical 
. Equation, As in Arithmetic, the answer to any given question 
remains unknown until the calculation is completed, so in 
Algebra the solution of an equation consists in finding a value, or 
values, which at the outset are unknown. 

Simple Equations. — When two algebraical expressions are 
connected together by the sign of equality, the whole expression 
thus formed is called an equation^ and the use of an equation 
consists in this, that from the relations expressed between certain 
known and unknown quantities we are able under proper 
conditions to find the unknown quantity in terms of the known. 

Usually the earlier letters of the alphabet, a, 6, c, rf, ..., are 
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used to represent known and its concluding letters, a;, y, z^ to 
represent unknown quantities. 

The process of finding the value of the unknown quantity is 
called solving the eauation ; the value so found is the solution 
or the root of the equation. This root, or solution, when sub- 
stituted in the given expression makes the two sides identically 
equal. 

An equation which involves the unknown quantity to the 
first power or degree only is called a simple equation ; if it 
contains the square of the unknown quantity it is called a 
quadratic equation ; if the cube of the unknown quantity, a 
cubic equation. Thus, the degree of an expression is the 
power of the highest term contained in it. 

If an equality involving only an algebraic operation exists 
between two quantities the expression is called an identity, 
thus {x-{-yf=a^-{-2xy-{-y^ is an identity. 

In the equation 2^7+7=9, a? represents an unknown number 
such that twice that number increased by 7 is equal to 9. It is 
of course obvious that ^=1, but we may with advantage use 
this simple example to explain the operation of solving an 
equation. Before doing so, it is necessary to note that as an 
equation consists of two equal members or sides, one on the 
left, the other on the right-hand side of the sign of equality, the 
results will still be equal when both sides of the equation 
are : 

{a) equally increased or dimimshed^ which is the same in effect, 
as taking any quantity from one side of an equation and placing 
it on the other side, with a contrary sign ; 

(ft) equally multiplied, or equally divided ; 

(c) when each side is raised to the same power, or the same 
root of each side of the equation is extracted ; 

(c?) The signs of all the terms in the equated expressions are 
changed from -|- to - , both sides of the equation being altered 
similarly. 

Thus, in the equation SLF-f-7=9, subtracting 7 from each side 
we get 2a7-r-7-7=9-7, 

or 2r=2. 

Dividing by 2, then ar = 1 . 
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Ex. 1. Solve 4a?+2=50. 
Subtrftcting 2 from each side we get 
4a;=48 ; 

4 

In the example 4jr7+2=30 the statement means that if 2 be 
added to four times an unknown number 07, the result will equal 
30. By a process of trial, substituting the numbers 1, 2, 3 in 
turn for x, it will be found that the equation is true only when 
a; =7. Then as 4 x 7 = 28, this value of x makes the expressions 
on the left- and right-hand sides of the sign of equality numeri- 
cally equal, or the equation is said to be satisfied. 

Instead of subtracting we can transpose the 2 in the preced- 
ing example from one side of the equation to the other by 
changing its sign ; thus 4^7=30-2 = 28. 

Ex, 2. Solve 4a7 + 5 = 3x + 8. 

Subtract Sx from both sides of the equation and we get 
4a:-3a; + 5=8; 
next subtract 5 from each side ; 

.-. 07=8-5=3. 

It is obvious that +3a; and -1-5 on the right- and left-hand 
sides of the equation respectively may be removed from one 
side to the other (or transposed) and appear on the opposite 
side with changed sign. 

Hence the rule for the solution of equations is : Transpose all 
the unknovm quantities to one side^ and all the known quantities to 
the other; simplify if necessary, and divide hy the coefficierU of the 



The rules referred to above, under (a), (ft), (c), {d\ can perhaps 
be best illustrated by the consideration of a few simple examples. 

Rule (a). 
^07.3. Solve 4aJ+2=3a?+4. 
Transposing, 4a;-3a;=4-2; 

.*. 07 = 2. 

^.4. Solve 6(a? + l)=3(ar-5) + 2, or 5a7+5=3a:- 15 + 2. 
Transposing, 5aj-3a7 =2-15-5; 

.-. 2a7=-18; 
or a:=-9. 
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Rules (6) and {d). 
Ex, 5, Solve !+!=«- 7. 
Multiplying both sides by 6, 

or 6x-Qx= -42; 

.\ -a;=-42, 
or a;=42. 

Ex.Q, Solve |+J^=^-l. 
o o 3 

L.C.M. of denominators is 15. Hence multiplying both sides by 15, 

3a:+48=iaa?-15; 

.-. 3a;- 10a;=- 15-48, 

-7.r=-63; 

.-. a=9. 

EXERCISES. XXVIII. 
Solve the following equations : 

1. 6a:-15=2x + 6. 2. 40 -6aj- 16=120- 14a:. 

a Soi^-lOx=8x+a^. 4. Q€Ui^-l2dba^=3ax^+eax^ 

5. 1+1=13-1 6. 1+1=7. 

7. 2(^li)-M+5||=0. 8. ¥+1=13. 

« l^^l^^2• 10. |.|=18. 

11. f(2a:-7)-t(a:-8)=^tl + 4. 

12. |(2a;-17)-f(16-ar)=^(a; + 2). 

-, a:+l.a;+2 5-a; . . -- 2^ + 1 49-3x ^ 5a;+2 
^ "2- + "3- = 1~"+^*- 1^ "29 7^=^--36- 

^^- 3^5 +7"^Tf 1^- S^^ar-e"-'- 

- 2x-6 3x-2^ --J a: a;-l_ 3a;-4 x 

17. — o— +a:=-^— +3. 18. o--or-=-TR- + i 



-o 2a;-l .5a;+3_^ 4a:-118 

W. K + IT -rf- 



3 2i "" 15 "^12 



17 " 11 

5« ?1:J 3 ^^_2a:-l 9i-a; 
^3"6""3"^2l 



S-12 
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Solve the following equations : 



x+2 , x+4 



21- -4:^+^' +2=^- 2a^;+^2=i^ 

^ x^ x-S~x-5 x-Q' 

^ a:+2^a: + 3 (a;+2)(a; + 3) a; + 3 

_ x 3a;-10 _ 2x 
^' a;+2 x + 2 ~3-a;' 
Oft 3a?-f5 5a;-2 _ 4a?-3 5a?+l 
^13 11 ~ 5 6 • 

27. In the equation « = Fit + i/2^. 

(i) Given «= 10320, F=22, ^=60; find/ 
(ii) «=90, <=l,/=32; find V, 

28. In the formula v^=2/8. Given «= 100, /=nr » find r. 

29. In the formula F=—. Given m=12, r=3, t;=40, ^=32; 

find F. 

30. Given Jmv2=F«. (i) When m=10, F=121, 8=5; find v, 
(ii) m=16, v=12, and ^=30; find «. 

(iii) If m = 10, v=24, and «=720; find F. 

31. Find the value of w from the equation 

w _15 • 
w-390 2' 

32. In the equation i^-u^=2cls, find the value of a when t7=50, 
tt=10, and «=100. 

33. In the equation v^= F« + 2/«. Given F'=4,/=2§ and «=33f ; 
find V, 

34. If in the equation imv^-imV^=F8, m=12, v=ll, K=5, 
and «=06; find /. 

Problems producing Simple Equations with one unknown 
Quantity. Having ascertained how to solve an equation in- 
volving one unknown quantity, it is only necessary to express 
the conditions of any given question by means of symbols, and 
thus to produce equations relating to number, quantity, shape, 
etc. 

Ability to solve an equation readily and easily will be found 
of the greatest value in all, or nearly all, questions in applied 
science. The best practice at the outset is to make up simple 
equations, and having done so, to proceed to solve them. Thus, 
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as a simple suggestive example, take any number, say 3. Then 
4 added to twice 3 gives as a sum 10. Expressing this in 
symbols we have 

2^7+4=10, 

from which ^=3. 

Again using the same number we can say that if 6 be added 
to the number twice the sum will be 18. Expressing this in 
symbols we have 

2(;r+6) = 18, 

.-. 2^+12 = 18, 
or 0?= 3. 

A few questions and their solutions are given to show the 
method by which some required or unknown quantity, ^, is 
obtained from an equation. 

Ex, 1. The difference of two numbers is 14. If 9 times the less 
be subtracted from 6 times the greater, the remainder is 33. What 
are the numbers ? 

Let X denote the smaller number. 

Then aj+ 14 will represent the greater number. 

Further, %x is 9 times the smaller number, and 6(a;+ 14) is 6 times 
the greater number. 

But when 9 times the smaller is subtracted from 6 times the 
greater, the remainder is 33. 

.-. 6(a?+14)-9x=33, 
or 6a; + 84-9a;=33; 

.-. -3a:=33-84=-51, 

or a? =—^=17 is the smaller number, 

and a; + 14=31 is the greater number. 

Ex. 2. What number is that to which, if 8 be added, twice the 
sum will be 28 ? 

Let X denote the number. 

Then a; + 8 is the number with 8 added, and 2 (a; +8) is twice 
the sum. 

But we are told that twice this sum is 28. 
Hence, 2(a; + 8)=28; 

.-. 2a;+ 16=28. 

Transposing, 2a; = 1 2, 

.-. a: =6. 
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Ex. 3. The age of the eldest of three children is equal to the 
sum of the ages of the other two, the ages of these two being in the 
ratio of two to three. In ten years the age of the eldest will be five 
years more than half the sum of the ages of the other two. Find 
their present ages. 

Let 3a; and 2Lr be the present ages of the two younger children. 

Then 5a? is the present age of the eldest. 

In ten years the age of the eldest will be Sa; + 10. 

3a; + 10, and 2a;+ 10 the ages of the two younger children. 

But 6a:+10=i(2a; + 3aj+20)+6i 

.-. 5a:+10=J(5a; + 20)+6, 
.*. fa:=5, or x=2. 

Hence the ages are 10, 6, and 4. 

Ex, 4. Tlie diameters of two pulleys are as 2 to 3, and the sum 
of the diameters is 30 inches. Find the diameter of each. 

Let 2a; and 3a; denote the diameters. 

Then 2a; + 3a;=30, .*. a;=6. 

Hence the diameters are 12 inches and 18 inches. 

Ex, 6. A stone let fall from the top of a well is found to take 
3 seconds to reach the bottom ; find the depth of the well. 

Here (see p. 84) «=i x 322 x 3" 

= 161x9 
= 144-9 feet. 

As the space described by the falling stone in 3 seconds is 144*9 
feet, this also denotes the depth of the well. 

Ex, 6. In what time will a stone fall through a distance of 
64-4 feet? 

Here 64-4=ix32-2x<a ; 

^-16-1"*' 
.-. <=2. 
The time required will be 2 seconds. 

EXERCISES. XXIX. 

1. Divide a line, 15 inches long, into two parts, such that one is 
three-fourths the other. 

2. A post is one-fourth its length in mud, one -third in the 
water, and 10 feet above the water ; what is its whole length ? 

3. A man can walk a certain distance in four hours. If he were 
to increase his rate b^ one-fifteenth he could walk one mile more in 
that time ; what is his rate ? 
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4. If 10 be added to a certain number, three-fifths the sum is 66; 
find the number. 

5. Two numbers have a difference of 15, and a sum of 59 ; find 
the numbers. 

6. What number is that to which if 20 be added the sum is 
equal to three times the required number ? 

7. If 6 be added to a certain number, twice the sum is 24 ; what 
is the number ? 

8. The difference of two numbers is 6, but if 12 be added to 
4 times their sum the whole is equal to 60 ; find the numbers. 

9. A rectangle is 6 feet long, if it were 2 feet wider its area 
would be 48 feet ; find its width. 

lOt A general after losing a battle found that he had only § of his 
army fit for action ; 7 were wounded, and the remainder, 2000 men, 
were either killed or missing: of how many men did his army 
consist at first? 

11, A roll of cloth was bought at 5s. 6d. a yard, and another roll, 
25 yards longer, at 58. a yard ; the two together cost £100. 15s. 
How many yards were there in each roll ? 

12. Divide £1120 between A and B^ so that for every half-crown 
which A receives B may receive a shilling. 

13k The greater of two numbers is 7 times the less, and their 
difference is 36. Find the numbers. 

14. Divide £1000 between two persons so that one may have £10 
more than half of what the other has. 

15. Find the number so that, if 5 be added to it, the sum is equal 
to half the excess of 100 over the number. 

16. Find a number such that, when diminished by 3, one-fourth the 
remainder may be greater by 2 than one-fifth the original number. 

17. Divide 279 into two parts such that one-third the first part is 
less by 15 than one-fifth of the second part. 

18. What is the price of an egg when a rise of 20 per cent, in the 
price would make a difference of 48 in the number which could be 
bought for 30 shillings ? 

19. Find two numbers whose sum is 39 and whose difference 
equals a third part of the greater. 

20. A has £3 and B has £2. Ss. How much shall A give B that 
B may then have three times as much as ^ ? 

21. Find two numbers such that their sum is 58, and that half of 
one exceeds one-sixth of the other by 15. 

22. A man's aee is 40 years, and that of his son 9 years ; what 
will be the age of the father when he is twice as old as the son ? 

23. A person has a certain sum of money of which he spends §, 
and then ^ of the remainder ; if he has 5s. Id. left, how much hiul 
he at first ? 
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2iL A man does twice as much work as his son. How long would 
they take to do a piece of work together which would take the son 
alone 6a days ? 

25. Find the number of feet traversed in a seconds by a train 
travelling at a uniform rate of b miles per hour. 

Snmmary. 

Identity. — An equality involving only an algebraic operation 
between two quantities is called an identity. 

Simple EquaUons. — A statement of equality between two algebraic 
expressions is called an ec^uation, and it is called a simple equation 
when it involves only the hrst power of the unknown quantity. 

In an eauation the results are still equal if corresponding opera- 
tions (addition, subtraction, multiplication, division, involution, 
and evolution) are performed on both sides of the equation. 



CHAPTER X. 

UNITS OF LENGTH. MEASUREMENT OF LENGTH. 

Measnrement. — The measurement of a quantity is known 
when we have obtained a number which indicates its magnitude. 

It is necessary, therefore, to select some definite quantity of 
the same kind, as a unit, and then to proceed to find how many 
times the unit is contained in the quantity to be measured. 
The number of times that the unit is contained in the given 
quantity is the numerical value of the quantity. 

Nearly all the quantities with which the man of science and 
the practical man are called upon to deal are concerned either 
directly or indirectly with length, mass, or time. 

Fimdamental and Derived Units. — ^The primary or funda- 
mental units are three in number, namely : Unit of length, unit 
ofTnass, v/nit of time. 

All derived units are either multiples or sub-multiples of 
these primary units. 

Units of Length. — In order that length may be measured 
there must be both a unit and a standard. The unit is a certain 
definite distance with which all other distances can be com- 
pared ; and a standard is a bar on which the unit is clearly, 
accurately, and permanently marked. The two units most 
generally adopted are the yard and the metre. 

The British System. — In this system the unit of length is 
the yard. It may be defined as the distance between two lines 
on a particular bronze bar when the bar is at a certain temper- 
ature (62** F.). The bar is deposited at the Standards Office of 
the Board of Trade. 
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The importance of specifying the temperature at which the 
distance between the two lines on the bar is the exact length 
will be evident when the alteration in the size of bodies due to 
a change of temperature is considered. 

Sub-Multiples and Multiples of Yard.— The yard is for 
many purposes inconvenient, and smaller units, or as they are 
called sub-mtUtiples of the unit of length, are often used. To 
obtain these smaller units, the yard is divided, first into three 
equal parts each called a foot The foot is again divided into 
twelve equal parts called inches; an inch is further sub-divided 
into eight, ten, sixteen (or more) equal parts. 

Where fractional parts of a foot are required it is often 
convenient to express feet and the parts of a foot in a simpler 
form than as feet and inches. This is done by dividing the 
foot into ten equal parts ; the fractional parts are then denoted 
by ^, i%, etc., or '1, % etc., of a foot. 

Multiples of the yard are used when comparatively long 
distances have to be expressed. Thus, 1 mile = 1760 yards = 
5280 feet. The multiples and sub-multiples of the unit are 
given in the following table. 

It must be at once remarked that in the British System there 
is no simple relation connecting the unit of length with the 
units of area, volume, and mass. It is only by a long and 
troublesome process of multiplication and division — such as 
reducing feet or miles to inches, ounces to pounds, etc. — thkt 
we can proceed to find areas, volumes, etc. 

British Measures of Length. 

[The unit is divided by 3 and 36, etc. ; also multiplied by 2, 
5J, 220, and 1760.] 

12 inches = 1 foot. 40 poles, or 220 yards = 1 furlong. 

3 feet = 1 yard (unit). 8 furlongs \ 

2 yards = 1 fathom. 1 760 yards V = 1 mile. 

5j yards = 1 rod, or pole. or 5280 feet J 

The above table will serve to show how very inconvenient 
the British Unit and its sub-multiples and multiples are for 
most purposes, since a cumbersome calculation is required to 
convert the one into the other. 
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Fig. 6 shows one edge of a 12-inch sted scale or straight edge. 
The first inch is represented divided into 16 equal parts, and for 
the convenience of the person using the scale some of the lines 
are made longer than others. This enables a dimension to be 
read off much more quickly and accurately than would otherwise 
be the case. Thus, the cross-line at c dividing an inch into two 
equal parts is seen to be longer than any cross line between a 
and c, or between c and 6. In a similar manner the cross lines 
indicating the quarter inches are longer than those indicating 
the eighths, these in turn being longer than the sixteenths. As 
the number of divisions increase the lines naturally become 
more crowded together, until the distances between the divisions 
when an inch is divided into 32 equal parts, or those indicating 
the sixty-fourths, become very minute. 
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Fio. 6.— Inches divided into 8 and 16 equal parts. A decimetre divided 
into 10 ceutimetres and 100 millimetres. (The inches and centimetres 
are not dmwn to a true scale, but their comparative dimensions may be 
seen.) 

The French or Metric System. — The Metric System is 
extensively used for all scientific, and in many cases for com- 
mercial purposes, and is in every way better and simpler than 
the British method. 

In the metric system the standard of length is the metre, 
defined originally to be the 10,000,000th part of the length of a 
north and south line, or meridian, stretching from the equator 
to one of the poles. The determination of this length was found 
to be slightly incorrect, and the metre, as in the case of the 
British standard yard, is best defined as the distance at 0° C. 
between two marks on a particular platinum bar preserved at 
Paris, and known as the M6tre des Archives. Copies of the 
accurate standard metre are to be found in several national 
repositories in Europe. 
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Multiples and Sub-Multiples of Metre.— The metre is 
divided into 10 equal parts called deeimetres ; the decimetre is 
divided into 10 equal parts each called a centimeire: hence a 
centimetre is one hundredth of a metre, and this sub-multiple 
of the unit is the most commonly used of the metric measures 
of length. 

The centimetre is divided into 10 equal parts each known as 
a millimetre. 

The metre is equal in length to 39*37 inches, and is thus 
slightly longer than our yard. Its length is roughly 3 feet 3j 
inches, which number can be easily remembered as it consists 
throughout of threes. 

The foot is equal in length to 30*48 centimetres. 

Referring to the upper part of the scale in Fig. 6, the division 
of a decimetre into 10 centimetres (cm.) is represented, but not 
to a true scale. Each centimetre is further subdivided into 10 
equal parts, each of which is a millimetre. 

It will be seen that a length of 10 cm. is approximately equal 
to 4 inches. A more accurate relation to remember is that a 
length of 25*4 centimetres or 254 millimetres is equal to the 
length of 10 inches. Thus, the distance from a to ft may be 
expressed as 1 inch, 2*54 centimetres, or 25*4 millimetres. The 
sub-multiples and multiples of the metre are given in the 
following table. 

Metric Measures of Length. 
10 millimetres =: 1 centimetre. 

10 centimetres = 1 decimetre. 

10 decimetres = 1 metre. 

10 metres =: 1 Dekametre. 

10 Dekametres or 100 metres = 1 Hektometre. 
10 Hektometres or 1000 metres =1 Elilometre. 

The Latin prefixes deci-^ centi-, milli-^ are always used for the 
tenth, hundredth, and thousandth parts of the unit ; in a similar 
manner the Greek prefixes Deka-^ Hekto-^ and Kilo-, are used for 
the multiples of the unit. 

It is convenient to remember that, approximately, 2*5 cm. = 1 
inch, and 8 kilometres =5 miles, for these numbers enable a 
measure to be readily converted from one system to the other. 
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For accurate calculations,, the following relations between the 
two systems of measurement should be used. 

Conversion of British to Metric Measures of Length. 

1 inch = 2*64 centimetres. 
1 foot = 30*48 centimetres. 
1 yard= 0*914 metre. 
1 mile =1009*33 metres. 

Metric to British. 

1 millimetre = -039 inch. 
1 centimetre = -394 inch. 

{39*371 inches. 
3*28 feet. 
1*094 yards. 
1 Kilometre = 0*621 mile. 



Abbreviations. — ^The following abbreviations are generally 
used, and should be carefully remembered ; this may be easily 
effected by taking the precaution to use the abbreviations on all 
possible occasions. 
Length, 
in. is used to denote inch or inches, 
ft. „ „ feet, 

dcm. „ „ X decimetre or decimetres, 

cm. „ „ centimetre or centimetres, 

mm. „ „ millimetre or millimetres, 

gm. „ „ gram or grams. 

Feet and inches are also indicated by the uses of dashes, ' and ", 
at the top and right-hand side of a figure. 

Thus, a dimension of 2 feet arid 4 inches may be written as 
2 ft. 4 in., or 2' 4". 

This method, though widely adopted in practical work, may 
. (unless care is exercised) sometimes, however, be confusing, for 
the signs ' and " are also used to designate certain angular 
measurements ; they are also used to designate primes and 
seconds in duodecimals. 

Measurement of Length. — By means of a rule or scale, as in 
Fig. 6, any direct measurement can be roughly estimated. 
w.M. I. a 
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To enable a dimension to be made with a higher degree of 
accuracy, other and more accurate instruments are required. 
These are known as calipers, screw- 
gauges, verniers, etc. It is only pos- 
sible in these pages to refer to a few 
instruments in common use, and it is 
far better to see and use these than to 
read about them. 

Calipers. — In many cases it is diffi- 
cult, if not impossible, to determine a 
dimension by direct measurement, 
therefore calipers, a screw-gauge, or 
other form of instrument must be 
used for the purpose. 

Thus, in measuring the diameter of 
a sphere or a cylinder, it will be obvious 
that a scale, like that in Fig. 6, cannot be used for the purpose. 
Two common forms of calipers in general use are known as 




Fio. 7.— Inside and outside 
Calipers. 





Fio. 8.— Inside Calipers used 
to detennine the width, or dia- 
meter, of a cavity. 



Fio. 9.— Outside Calipers employed to 
find the diameter of a sphere or cylinder. 
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inside and outside calipers. The former is shown at A^ and the 
latter at B in Fig. 7. It will probably be obvious that both the 
forms shown may be used advantageously for many purposes 
where a straight scale would be altogether unsuitable. One 
such case is shown in Fig. 8, in which a pair of inside calipers is 
used to ascertain the width, or diameter, of a cavity. Similarly 
in Fig. 9 a pair of outside calipers is used to determine the 
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Fio. 10.— Oalipen applied to a scale and diameter found to be | inch. 



diameter of a sphere, or cylinder. When the requisite dimen- 
sion is obtained, its magnitude in each case can be ascertained 
by applying the calipers to a scale. Fig. 10, and noticing the 
length on the scale included between the two edges of the 
calipers which touched the object measured. 
A more accurate method is, however, furnished by what is 
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called a screw-gauge. These instruments are made in several 
forms, but that in common use is shown in Fig. 11. The 
instrument consists of a fixed frame F, terminating in two 
limbs A and B, Through one limb B a 
fixed screw P passes, and through the other, 
A, a movable screw S^ which is actuated by 
a spindle terminating in a milled head H, 
Thus, the rotation of iZ" in a forward or back- 
ward direction causes the end Q to approach, 
or to recede, from the fixed end P. It also 
causes the sleeve ^Si to which H is fastened, 
to rotate and also to slide along the fixed 
part carrying a scale. When the ends Q 
and P are in contact, the scale on (7 is 
covered, and the graduated rim, S^ is at zero. 
By rotation of i7, Q is made to recede from 
P, and the distance between the ends, and 
therefore the diameter, 
or length, of any ob- 
ject which will just 
pass between them is 
given by the reading 
on the scale on C^ 
together with that on 
the graduated edge ^$'2. 
In this manner, read- 
ings can readily be ob- 
tained to within y^^ 
inch or yJu o^ a milli- 
metre. 

Wire Gauge.— To 
indicate easily the dia- 
meter of a wire, or the 
thickness of a thin 
plate, is a rather 
troublesome operation 




Fia 11.— Screw Gauge. 



to a practical man. Thus, wire ^ in. diameter is expressed deci- 
mally '0625 in. To avoid the inconvenience of dealing with three 
or more decimal places, wires are made of standard sizes, and each 
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size is designated by a particular number. To find the size of a 




Fio. 12.— Rectangular Wire Gauge. 

wire, or its standard number, what is known as a wire-gauge is 
used. This usually con- 
sists either of a thin rect- 
angular steel plate (Fig. 
1 2) or a thin circular steel 
plate (Fig. 13). In each 
case, to the openings 
which occur all round 
the edge, numbers are 
given, and these numbers 
indicate the dimensions 
of wires which just fit the 
openings. The dimen- 
sions corresponding to 
these numbers are regis- 
tered in a table. 

Circular Wire Gauge. 




EXERCISES. XXX. 

Find approximately the number of metres in 
1, 1 in., 1 ft., 1 yd., 1 pole. 2. 1 oh., 1 fur., 1 mile. 

3. Find the number of poles and chains in 55*3202 metres. 

4. Show that 32 metres are approximately equal to 35 yards. 

5. Reduce 8 metres, 7 decimetres, 5 centimetres, to yards, feet, 
and inches. 

6. Express 3 miles 7 furlongs 12 poles in metres. 

7. A yard being '9144 of a metre, find the number of metres in 
H miles. 
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8. The metre is approximately the ten-millionth part of the 
distance from the pole to the equator. Taking the earth's circum' 
ference as 24855*2 miles, find the length of the metre. 

9. Obtain the number of kilometres in 100 miles. 

10. If a franc is equal to 9*38 pence, what Is the cost in English 
money of a yard of silk worth 7i francs a metre. 

11. How many steps would a man take in walking 2^ kilometres, 
each step being 2 feet 8 inches long, and a metre 3 feet 3*37 inches? 

12. Obtain (i) the number of feet, and number of metres in 
'581259 of a mile; (ii) number of miles, yards and feet in 10,000 
metres. 

13. A vessel steams 16 knots. How many metres per second is 
this equivalent to ? 1 knot = 1 '15 miles per hour. 

Summary. 

Measurement. — A convenient unit is selected, and the number of 
times the unit is contained in the quantity to be measured is the 
numerical value of the quantity. 

The three quantities to be measured are Len^rth, Mass, and Time. 

Primary or fundamental nnits are comprised in the unit of leng^; 
the unit of mass ; and the unit of time. 

The derived units are multiples, or svb-muUiples of the fundamental 
units. 

The yard and the metre are the two fundamentcU units of length. 

In the British System, the unit of length, the yard, is the distance 
between two marks on a certain bronze bar when the bar is at a 
temperature of 62° F. The bar is deposited in the Standards 
OflBce. 

The derived units are obtained by dividing the yard into three 
equal parts, estch 1 foot, which is again subdivided into 12 equal 
parts, called inches ; these are again divided into 8, 10, 12, 16, or 
more equal parts. 

Multiples of the unit are 1 mile = 1760 yards, or 5280 feet; 
5J yards =1 rod; and 220 yards =1 furlong. 

In the French or Metric System the unit of length is the Metre, 
and is the distance between txoo marks on a platinum bar when the 
temperature of the bar is 0" C. 

The derived nnits are obtained by dividing the metre into 10 equal 
parts each caUed a decimetre ; this is further subdivided into 10 
equal parts or centimetres, and again into 10, giving millimetres. 

Measurement of Length. — Instruments used in measurements of 
length are Calipers, Screw-gauges, etc. 
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PLANE ANGLES. ANGULAR MEASUREMENT. 

A plane angle is the inclination of two lines which meet each 

other but are not in the same straight line. Thus, if a line AO 

meet a line OC a.t (Fig. 14), 

the amount of opening be- • p» , 

tween the lines CO, OA is *i /' ^ 

called the angle AOC, If \ 

only one angle is formed at 

0, the angle may be written 

as the angle ; but if several 

angles come together at the 

same point, the middle letter 

indicates the vertex of the 

angle referred to. 

It must be very carefully 
observed that the angle is independent of the length of the lines 
forming the sides or legs of the angle. Thus, the angle may be 
accurately described either as the angle AOC, or MON, 

ATign1a.r Measnrement.— In angular measurement, as in 
linear measure, a suitable unit of measurement is selected, and 
the number of times that any given angle contains the unit is 
the numerical measure of that angle. 

The two units in general use are the degree and the radian. 
The degree is obtained by drawing a circle of any convenient 
radius, and dividing its circumference into 360 equal parts. If 
two consecutive divisions be joined to the centre, the two lines 
so drawn contain a length of arc equal to ^^^^th part of the 



N 

Fio. 14.— Plane angles. 
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circumference of the circle, and the angle between them is 
known as an angle of one degree. If, in the circle, two radii 
are drawn perpendicular to each other, they enclose a quarter 
of the circle, and hence a right angle consists of 90 degrees, 
written 90°. Each degree is divided into 60 equal parts, or 
minntes ; and each minute is again subdivided into 60 equal 
parts called seconds. 

Abbreviations are used for these denominations. Thus, 
52° 14' 20"*5 denotes 52 degrees 14 minutes 20*5 seconds. 

The magnitude of an angle in degrees, minutes and seconds 
may be indicated as shown in the angle CO A (Fig. 14), or Greek 
letter^ may be used for the same purpose. Thus, the angle CO A 
may be designated by ^, the angle AOD by <^, and the angle 
DOEhj a. 

Radian,— The remaining unit, the radian^ may be obtained 
by drawing as before a circle of any convenient radius, and 
marking off a portion of the circumference equal in length to 
the radius. If straight lines be drawn from the extremities of 
this arc to the centre of the circle, they will enclose an angle of 
one radian^ or 57*2968 degrees, approximately 57°'3. 

Representation and Measurement of An^es.— As the 
length of the lines forming the ti^o sides of an angle have no 
connection with the magnitude of the angle, the actual size 

is best expressed by the frac- 
tion of a circle which the 
angle in question subtends 
at its centre. This is done 
in the following manner. 

"With centre and any 
convenient radius, describe a 
circle CBDE^ as shown in 
Fig. 15. 

If we suppose a small 

pointer (such as the minute 

hand of a clock or watch) 

free to move about the centre 

Fio. 16.-Measurement of angles. ^» ^^^ ^ coincide with OC 

and afterwards made to move 
from C towards jB to a position A^ through an arc CA one-sixth 
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of the circumference, then the angle CO A is a sixth part of 360**, 
or is an angle of 60 degrees, written as 60**. In a similar manner, 
if it moves to ^ it will trace out an angle of 90 degrees. 

When it moves to a position A' it is evident that the angle 
traced out is greater than a right angle. 

All angles greater than a right angle are called obtuse angles. 
Consequently, the angle COA' is an obtuse angle. 

Angles less than 90°, or less than a right angle, are a/Mte. 
The angle COA is an acute angle. From the foregoing con- 
siderations it will be seen that an angle is measured by the 
number of degrees in the ajrc of the circle^ having the vertex of the 
angle as its centre, intercepted by the tvx) lines forming the angle. 

Comparifion of the Magnitudes of Angles.— A comparison 
of the magnitudes of two angles ABC and DEF (Fig. 16) may be 





A E 

Fio. 16.— Comparison of the maguitudes of two angles. 

made by placing the angle DEF on the angle ABC, so that the 
point E exactly falls upon the point B, and the line DE along 
the line AB, Then, if the line EF falls on the line BC the 
angles are said to be equal. The angle DEF is less than the 
angle ABC if ^^ falls within BC, as shown by the dotted line 
BC, It is larger if it falls outside BC, 

This method of superposition is readily performed in the 
following way : Draw from centres B and E two equal arcs AC 
and DF, so that DE and EF in the one case are equal to AB 
and BC, respectively, in the other. If the point A be joined to 
the point C, and D to F, then, if AC is equal to DF, the 
angles ABC and DEF are obviously equal. Or, using a 
piece of tracing paper, make a tracing of DEF, and by placing 
the tracing on ABC, the comparison is readily made. 
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To set ont a given angle. — By means of what is called a 
60° set square shown at (i) (Fig. 17), angles of 60% 30% 90° and 
120° can be set out. Also by means of the 45° set square shown 
at Fig. 17 (ii), angles of 45°, 90°, and 135° can be marked oflf. 
Other angles, viz. 15°, 22^°, and 75° can also be obtained by 
using these set squares and a pair of compasses. 





Fio. 17 (i).--A flO* set square. 



Fio. 17 (il).— A 46* set square. 



To set out an angle of 15°.— Make an angle ABC (Fig. IS) 
equal to 30° with the set square (i). Bisect the angle ABC by 
a line jBD, then ABD and DBC are each 15°. To bisect the 
angle ABC we proceed as follows : — With B as centre, and any 




Fio. 18.— To set out an angle of 15*". 

convenient radius BA^ describe an arc AC. With A as centre, 
and any radius, describe an arc ; and from (7, using the same 
radius, describe another arc cutting the former in point D, 
Join D to B, then BD bisects the angle ABC^ and therefore 
makes an angle of 15° with AB. 
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An angle of 22^*" is obtained in a similar manner. Make 
an angle ABC (Fig. 19) equal to 45** with the set square (ii). 
Bisect the angle ABC by the 
line BD as described above ; 
then the angle ABD is equal 
to 22^*. 

An angle of 75^— To obtain 
an angle of 75° it is only neces- 
sary to use the two set squares. 
Thus the angle ABC is made 
equal to 45* by using set square 
(ii), next adding to this the 
angle 30° by means of set square (i). The angle ABE^lb"", 

If the 60° angle of set square (i) be added to the angle ABC 
(Fig. 19) the angle obtained will be 105°. 

Use of Protractor. — Angles which are not conveniently ob- 
tained by construction are set out by means of a protractor. 
Two forms of such protractors are shown in Fig. 20. The first 




Fio. 19.— To set out an angle of 22J'. 




7io. 20.— Two forms of protractors. 

consists of a thin flat rule or scale made of boxwood, ivory, or 
other material, along the edge of which angles are marked. 
These marks are obtained from the corresponding division on 
a semicircle as shown in the illustration. 
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Ex, 1. Set out by a protractor an angle of 50°. 
At the point P (Fig. 21) we place the mark * of Fig. 20 coincident 
with P, and the edge of the protractor BO with the line PM, 




P M 

Fio. 21.— To set out an angle by means of a protractor. 

Make a mark opposite the division indicating 50*" on the protractor. 
Remove the protractor and join the mark to P. An angle MPN 
containing 50° will have been made with the given line PM, 

How to Use a Protractor to Measure an Angle.— In a 
similar manner, when used to measure a given angle, the edge 
BC of the protractor is placed coincident with one of the lines 
forming the angle. The mark * on the protractor is made to 
coincide with the vertex of the angle, and the point where the 
other line crosses the divisions on the scale is noted ; this shows, 
in degrees, the angle required. 

Scale of Chords. — At the lower part of a protractor there is 
nearly always a scale, as shown in Fig. 20, marked " CHORDS." 
It is known as a scale of chords, and this scale can be used to 
set out an angle. To do this proceed as follows : — Set a 
pair of dividers to the space between 0" and 60" on the scale 
of chords, and, with this distance as radius and P as centra, 
describe an arc of a circle large enough to contain the 
required angle. Again apply the dividers to scale of chords and 
measure a space equal to the number of degrees required. Then, 
with M as centre and the length so obtained as radius, cut the 
arc MN at N, Join Nto P. Then MPN is the angle required 
(Fig. 21). 
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Similarly to measure any given angle ABC (Fig. 22) by means 
of a scale of chords. Using the compasses, obtain a distance 0" 
to 60°, and with this distance as radius make an arc DE, 

Place one point of the compasses on D and the other coinciding 




D 

Fio. 22.— To measure the magnitude of an angle. 

with E, Apply the measurement DE to the scale of chords. 
The reading will give the magnitude of the angle ABC, 

Unit of Time. — The sun appears upon the eastern horizon 
every morning ; it rises higher and higher in the sky, and 
reaches its highest point at noon, when it is seen exactly in a 
south direction, and therefore shadows thrown by it lie north 
and south. The interval of time between the instant at which 
the sun is due south one day and that at which it is due south 
s^gain the next day is a 8olar day. On account of certain causes 
which it is not within the province of this book to consider, 
this interval varies throughout the year. By adding together 
the lengths of all the solar days in a year, and dividing by 
365, an average length of day is obtained. This is called a 
mean sclar day. The unit of time used for all scientific purposes 
is the 86,400th part of the mean solar day, and is a Tuean solar 
ifecond. Engineers and other practical men use the minute as 
the unit of time, so that their usual unit is the 1440th of a mean 
solar day. 

Clocks and watches keep mean solar time, but sun-dials keep 
sun time, or apparent solar time, which is sometimes fast and at 
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other times of the year slow in comparison with mean time. 
The difference may amount to about fifteen minutes either way. 

Summary. 

Plane Angle. — A plane angle is the inclination of two lines which 
meet each other but are not in the same straight line. 

Angnlar Measurement.— The two units of angular measurement 
are the degree and the radian. 

Degree. — If any circle be divided into 360 equal parts, and any 
two consecutive divisions be joined to the centre, the angle enclosed 
is an angle of 1 degree. 

Radian. — The radian is the angle at the centre of a circle sub- 
tended by an arc equal to the radius. 1 radian =57*3 degrees 
approximately. 

Unit of time.— The unit of time, invariably used in scientific 
work, is one second, which is the 86,400th of a mean solar day. 
The larger unit, one minute^ is often used by engineers and others 
in the estimation of power. 



CHAPTER XII. 

MEASUREMENT OP AREA. BRITISH AND METRIC 
UNITS OF AREA. 

Definitions of some Common Plane TiguxeB.—A triangle 

is a plane figure bounded by three straight lines. Any one of 
its three angular points AyByOrC (Fig. 23) may be looked upon 
as the vertex ; the opposite side is then called the base of the 
triangle. The altitude of a triangle is the perpendicular 
distance of the vertex from the base. 
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Fto. 24.— A Right-angled triangle. 

Eanilateral Triangle. — When the three sides of a triangle 
are equal, the triangle is an equilateral triangle ; also the angles 
of the triangle are equal, each being 60". 

Isosceles Triangle.— When two sides of a triangle are equal, 
the triangle is an isosceles triangle. 

A right-angled triangle (Fig. 24) is a triangle one angle (C) of 
which is a right angle ; the side (AB) opposite the right angle is 
called the hypotenuse. 
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Fio. 25.— A Parallelogram. 



Fio. 26.— A Beotangle. 



Fio. 27.— a Square. 




A parallelogram is a four-sided 
figure, the opposite sides of which are 
parallel. 

A rectangle is a parallelogram hav- 
ing each of its angles a right angle, 
or, in other words, each side is not 
only equal in length to the opposite 
side, but is also perpendicular to the 
two adjacent sides. 

A scxnare is a parallelogram which 
has all its sides equal, and all its angles 
right angles. 

A rhombus is a parallelogram hav- 
ing all its sides equal, but its angles 
are not right angles. 



A trapezium is a four-sided figure 
which has two of its sides parallel. 



A (xuadrilateral is any figure what- 
ever, enclosed by four straight lines. 



Fio. 30.— a QuadrilateraL 

The altitude of a parallelogram is the perpendicular distance 
between one of the sides assumed as base and the opposite side. 

Measurement of Area. — Most readers of this book will prob- 
ably already know the difference between lengths and areas. 
But to make quite certain we will take a few simple examples. 

Provided with a rule, it would be easy to measure the length 
of the room and its breadth or width. Now, if we were going to 
have a carpet put down, we should give the upholsterer the 
order, and he would pay us a visit to measure the floor. Tou 
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know very well it would not be enough for him to measure the 
length of the room only, or its width only^ because both of these 
are measures of length. To know how much carpet he wants, 
the workman must find out the amount of surface the floor has, 
or what is called its area. To do this he measures both the 
length and width of the floor, and when he multiplies them 
together he gets the area, if the room is a square or rect- 
angular one. If he measures the length and width in feet, 
then by multiplying them together he gets the area of the floor 
in square feet; if the measurement of the length and width 
were taken in inches, the area in square inches would be 
obtained by multiplying them together. 

Whenever areas are measured in this country, square inches, 
square feet, square miles, or some other unit from square 
measure is employed. "Square measure'' is obtained from 
** long measure " by multiplication. 

Unit of Area. — Measurement of area, or square measure^ is 



C 



tn 
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Fio. 31.— 1 square yard equals 9 square feet, or 9x144 square inches. 

then derived from and calculated by means of Measures of 

W.M. I. H 
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Length. Thus the imit of area is the area of a square^ the side 
or edge of which is the unit length. 

Area of a Square Tard, or Unit Area.— If the unit length 
be a yard proceed as follows : Make AB equal to 3 feet, as in 
Fig. 31, and upon AB construct a square. Divide AB and BC 
each into 3 equal parts, and draw lines parallel to AB and 
BC^ as in the figure. The unit area is thus seen to consist of 
9 smaller squares, every side of which represents a foot; thus 
the unit area, the square yard, contains 9 square feet. The 
smaller measures of length, the foot and the inch, are much 
more generally used than the yard. If the unit of length AE 
(Fig. 31) be 1 fpoty the unit of area AEF is 1 square foot. 
In a similar manner, when the unit of length is 1 inch, the 
unit of area is 1 square inch. If the unit of length be 1 centi- 
metre, the unit of area is 1 square centimetre (Fig. 32). 
If the side of the square on AE (Fig. 31) represent, on some 

convenient scale, 1 foot, then 
by dividing AE and AF each 
into 12 equal parts, the distance 
between consecutive divisions 
would denote an inch. If 
through these points lines be 
drawn parallel to AE and AF 
respectively, it will be found 
that there are 12 rows of 
squares parallel to AE^ and 12 
squares in each of these 12 
rows. Hence the area of a square foot represents 144 square 
inches. 

British Measures of Area or Surface. 
[ Unit area = 1 square yard. Larger and smaller units obtained 
by multiplying by 4840 and dividing by 27 and 3888.] 
144 square inches = 1 square foot. 

1296 square inches or 9 sq. ft. = 1 square yard. 
4840 square yards = 1 acre. 

640 acres = 1 square mile. 

When comparatively large areas, such as the areas of fields, 
have to be estimated, the measurements of length, or linear 




Fxo. 82. — Square inch and square 
centimetre. 
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measurements, are made by using a chain (known as Gtmter^S 
Chain) 22 yards long. Such a chain is subdivided into 100 
links. The square measurements, or areas, are estimated by 
the iqws/re chmn^ or 484 (22 x 22) square yards in area. Or the 
area of a square, the length of one side of which is 22 yards, is 
100 X 100=10000 sq. links ; for each chain consists of 100 links. 
Hence we have the relation : 

1 chain = 22 yards = 100 links. 

1 square chain = 484 square yards =10000 sq. links. 
10 square chains =4840 square yards = 1 acre. 
144 square inches (sq. in.) = l square foot (sq. foot). 
9 square feet = 1 square yard (sq. yd.). 

30J square yards = 1 square perch, rod, or pole (sq. po.). 

40 square poles = 1 rood (r.). 

4 roods =1 acre (ac.)= 4840 square yards. 

640 acres = 1 square mile (sq. m.). 

Metric MeapSnres of Area. — ^As the metric unit of length is 
the metre, the unit of area (Fig. 33) is a square ABDE^ having 
E D 
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Fig. 88.— Bepresenting a square metre divided into 10 decimetres. 
Scale ^. 

the length of its edge equal to 1 metre, and its area consequently 
equal to 1 square metre. 
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If AB and BD are each divided into 10 equal parts and lines 
drawn parallel U> AB and J?Z>, as shown, the unit area is divided 
into 100 equal squares, each of which is a square decimetre. 

In scientific work the centimetre is the unit of length usually 
selected, and the unit of area is then one sqnare centimetre 
(Fig. 32). 

Metric Measures of Area. 

100 square millimetres— 1 square centimetre. 
10000 „ „ =100 sq. cm. = l sq. decim. 

100 „ decimetres = 1 square metre. 

Conversion Table. 



Metric to BritiBh. 
1 sq. cm. = 0'155 sq. in. 
1 sq. m. =10-764 sq.ft. 
1 sq. m. = 1*196 sq. yard. 
1 sq. km. = 0*3861 sq. mile. 



BritiBh to Metric 
1 sq. in. = 6*451 sq. cm. 
1 sq. ft. = 929 sq. cm. 
1 sq. yard =8361-13 sq. cm. 
1 acre =4046*7 sq. metres. 
1 sq. mile = 2*59 sq. km. 

= 2*59xl0*<^sq.cm. 

EXERCISES. XXXI. 

1. Find the number of square metres in (1) 10 sq. ft., (ii) 10 sq. yds. 

2. Find the number of square metres in a quarter of an acre. 

3. Find the number of square metres in 1000 square yards. 

4. Express 2 sq. ft. 25 in. as the decimal of a square metre. 

5. Reduce 1000 sq. in. to square metres. 

6. Find the number of square miles in 25898945 sq. metres. 

7. How many square inches are there in 5 ac. 3 r. 35 p. 4 sq. ft. 
101 sq. in. ? 

8. Find which is greater, 10 sq. metres or 12 sq. yds., and express 
the difference between these areas as a decimal of a square metre. 

Summary. 

Measurement of area is obtained directly from the measurement 
of length. 

The unit of area is the area of a square upon a line of unit 
length. As the unit of length in the British system is the yard, 
the British unit of area is the square yard. The smaller units 
— the square foot and the square inch — are, however, much more 
convenient, and are generally used. 

The Metric unit of area is the square metre. The square centi- 
metre, or the area of a square having each side 1 centimetre long, 
is generally used. 



CHAPTER XIII 

AREAS OF PLANE FIGURES. MENSURATION OF RECT- 
ANGLE AND PARALLELOGRAM. PERIMETER. 

Areas of Plane Figures.— When the numbers of units of 
length in two lines at right angles to each other are multiplied 
together, the product obtained is said to be a quantity of two 
dimensions, and is referred to as so many square inches, square 
feet, square centimetres, etc., depending upon the units in 
which the measures of the lengths are taken. The result of the 
multiplication gives what is called an area. Or, briefly, the 
area of a surface is the number of square units (square inches, 
etc.) contained in the surface. 

It is obvious that although square inches or units of area are 
derived from, and calculated by means of, linear measure, those 
quantities only which are of the same dimensions can be added, 
subtracted, or equated to each other. Thus, we cannot add or 
subtract a line and an area. Results obtained in such cases 
would be meaningless. 

It must be observed, too, that the two lengths multiplied 
together to obtain the area are perpeTidicular to each other. 
This applies to the calculation of all areas. 

Addition and Subtraction of Areas.— To add or subtract 
graphically the areas of two squares, the sides of which are AB 
and CD (Fig. 34), i.e. to find the side of a square having an area 
equal to the sum or difference of the areas of the two given 
squares, we proceed in the following way. 

1. To find the Sum of two Squares.— Draw two lines at 
right angles to one another, as BD and BA (Fig. 34). Make 
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BD equal in length to CZ>, and BA equal in length to the side 

of the second larger square. 

Join AD. 

Then the square constructed 
on AD will have an area equal 
to the sum of the areas of the 
squares constructed on AB and 
CD. 

plhis is an application of a 
proposition in Euclid (Book I., 
Prop. 47) which states that The 
square on the side of a right- 
angled triangle opposite to the 
right angle is equal to the sum 
of the squares on the other two 
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Fio. 84.— Addition and Bubtraction 
of areas. 



Or AD^= AB^+BD^. 

.. ad=^/aW+bW.] 

Ex. 1. Let AB=4 and BD=S. 
Then ^/)=N/i6+9=N/25=5. 

2. To find the Difference between two S(iiuu:es.~Let AB 
and CD (Fig. 34) be the sid^s of two given squares. To find 
the side of a square, the area of which will be equal to the 
difference of the areas of the two squares. 

Draw two lines at right angles to one another, as AB and BD, 
making BD equal in length to CD, the side of the smaller square. 

With D as centre, and a radius DA equal to AB, the side of 
the larger square, describe an arc of a circle. 

Let A be the point of intersection of the arc with the hori- 
zontal line BA. 

Then BA is the length of the side of the square required. 

Ex. 2. Let .4^=10 cm. and 2X7=8 cm. 

As before draw two lines at right angles making BD equal to 
8 cm. With D as centre, radius 10 cm., describe an arc of a circle 
cutting AB At A. 

Then ABiB the length required. 

^5=Vl0^^8«=\/36=6. 



AREA OB* A RECTANGLE 
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Area of a Bectangle. — The number of units of area in a 
rectangular fig we is found by multiplying together the numbers of 
tmits of length in two adjacent sides. 

Thus, if AB and BC (Fig, 35) are two adjacent sides of a rect- 
angle ; the area of the figure is the product of the number of 
units of length in AB, by the number of units of length in BC, 

The number of units in the lowest line of the figure AB is 
usually called the base, or length ; and the units in line BC^ 
perpendicular to this, the altitude^ or breadth. 

Hence area = base x altitude, 

or = length x breadth = ah. 

When the adjacent sides are equal in length the figure becomes 
a square, and as 6 is now equal to a, the ao'ea of a square =^aK 
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Fio. 85.— Area of a rectangle. 



Ex, 1. If the base AB and height BC are 6 and 2 units of length 
respectively, the area of the rectangle is 12 square units. 11 ABh^ 
divided into 6 equal parts and BC into 2, then by drawing lines 
through the points of division parallel to AB and BC, the rectangle 
is divided into 12 equal squares (Fig. 35). 

The area is obtained in a similar manner when the two given 
numbers denoting the lengths of the sides are not whole 
numbers. 

Ex, Obtain the area of a rectangle when the two adjacent sides 
are 5 ft. 9 in. and 2 ft. 6 in. in length respectively. 
We may either reduce to inches before mult^lying : 
Thus, 5 ft 9 in. =69 inches ; 

and, 2 ft. 6 in. =30 inches. 

.'. area of rectangle = 69 x 30 square inches 

=2070 square inches = 14*375 square feet 
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Or, instead of first reducing the feet to inches and afterwards 
multiplying, we may proceed as follows : 

5 ft. 9 in. =5f feet and 2 ft. 6 in. =2^ feet 
.*. area of rectangle = 5f x 2; square feet 

=Tr ^ 4 square feet=14f square feet. 

It is an easy matter to verify the latter example as shown in 
Fig. 36, where AB^bi ft. and BC-=2i ft. 
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Fig. 36.— Area of a rectangle. 

The area of the rectangle AEO =10 square feet. 
Area of the rectangle EBM=2{1 x |)= Ij square feet. 
„ the rectangle DFQ=b{\ x i)=2i 
„ rectangle FCM =| x i=:|. 
Hence the whole area of rectangle ABCD 

=xlO+li+2^+f square feet 
= 14f square feet. 
Area of a Parallelograia.— The rectangle is a particular case 
of the parallelogram, and 

area of parallelogram =6a«6 x altitude. 
This may also be shown as follows : 

Let ABCD (Fig. 37) be the given 
parallelogram. 

Draw AF and BE perpendicular to 
AB^ and meeting CD at E^ and CD pro- 
duced at F, then the rectangle ABFE 
is equal in area to the parallelogram 
ABCD, 

Hence, area of parallelogram 
=&a«e X altitvde=ab ; 
or, the distance between a pair of parallel sides mvltipUed hy oTie 
of them. 
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Fio. 87.— Areaof a 
parallelograxu. 



PERIMETER. 
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If the areas shown in Fig. 37 be drawn on a sheet of paper, 
then by cutting out the right-angled triangle BGE, inverting 
and fitting it to the other end in the w«y the figure makes clear, 
the parallelogram is converted into a rectangle. 

When a number of rectangular pieces of millboard, card- 
board, or thin wood (a pack of cards may be conveniently used), 
lie each directly upon one another the side edges form a 
rectangle, the area of which is equal to ABxBC, units of 
area, as shown by the rectangle ABCD (Fig. 38). 



Fig. 88.— Apparatus to show that when the bases and heights of a rectangle 
and a parallelogram are the same, the areas are eqtiaL 

When these pieces are made to slide over each other, a paral- 
lelogram DEFG (Fig. 38) is formed by the side edges, and it is 
obvious that the area is unaltered by merely changing the 
position of the pieces, since the base and height remain 
unaltered. 

Ex, 1. If the length of the base AB is 4 ft., and the altitude 
1} ft. in length, find the area. 

Area=4x 1^=6 sq. ft. 

Ex. 2. Find the area of a 
rectangular board of length 12^ 
ft. and width 1 ft. 6 in. 

Area = 12-5 x 1 5 = 18 -75 sq. ft. 

Perimeter. — ^The term peri- 
meter of a figwre is used to 
denote the sum of the lengths 
of all its sides. Thus, the 
perimeter of a rectangle ABCD 
(Fig. 39) is the sum of the 
lengths of its four sides, AB^ 




Fig. 39.— Perimeter of a rectangle 
is 2(a+&). 



BCy CDy and DA ; but, as the two opposite sides of a rectangle 
are equal to each other in length, the perimeter is evidently 
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twice the length of one side, together with twice the length of 
an adjacent side ; or, 

perimeter =2(a+ 6) where a and h denote the lengths of 
adjacent sides. 

The papering, painting, or cUstempering of the walls of a room 
is usually estimated at the rate of so much per square foot, or 
per square yard. 

Hence, the cost of the work is obtained by multiplying the 
length and breadth together to obtain the area, and finally 
multiplying by the unit of cost. The four walls of a room may 
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be shown as at AB, BC, CD, and DE (Fig. 40), where a repre- 
sents the length of one wall and h its breadth, or, height, and 
c and h the corresponding dimensions of an adjacent -v^. In 
many cases the opposite walls are equal in area, and then the 
area of the foiir walls is 2(a6+c6), or 26(a+c). 

The areas of windows, doors, etc., would usually have to be 
subtracted from the area thus obtained. 

The cost of staining and varnishing floors is also often estimated 
in a similar manner by obtaining the area in square feet, or 
square yards, and multiplying the area by a unit of cost. 

Ex, 1. Find the cost of painting the two sides of a rectangular 
wooden partition, length 37 ft., height 5 ft. 3 in., at 2s. per sq. yd. 
Area of one side =37 x 5^ sq. ft. 

„ both sides = ^ — sq. yds. 

=43-166 sq. yds. 
Cost=43-166 X 2 8hiUiDgs=£4. 6s. 4d. 

Ex, 2. The dimensions of a room are : length 21 ft 9} in., width, 
15 ft. 7 in., and height 8 ft. \\ in. Find the length of paper required 
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for the four walls, and its total cost, knowing that the width of 
the paper is 22^ inches, and its cost Is. 3d. per yard. 
Area of walls 

=2(21 ft. 9i in. X 8 ft. 1} in)+2(15 ft. 7 in x 8 ft. li in.) 

=74| X 8J sq. ft. ^'M^ gq. yds. 

Length of paper=?^i^= 10711 yds. 
^^-36 
Costof paper =107tTxU8-= ^- 14s- "W- 
Ex, 3. Find the cost of papering the walls and ceiling of a room ; 
the dimensions are : length 36 ft., width 18 ft, and height 12 ft., 
the cost for the walls being Is. per sq. yd., and for the veiling Is. 6d. 
persq. yd. 

Area of the four wall8=2(36 x 12)+2(18 x 12) sq. ft. 

= 1296 sq. ft., or ^^=144 sq. yds. 
.'. cost of walls = 144 x Is. = £7. 4s. 
Area of ceaing=^^-^=72 sq. yds. 
.'. cost of ceiling =72 x IJs. =£5. 8s. Od. 
.-. total cost =£12. 12s. 

Ex, 4» Find the length of wall-paper required to paper the four 

walls of a room, the width of the paper being 1 ft. 9 in. The 

dimensions of the room are : length 24 ft., width 18 ft., and height 

12 ft. There are three doorways 6 ft. high and 3^ ft. wide, and an 

opening 7 ft. high and 5 ft. wide, which are not to be papered. 

Area of walls=2(24 x 12) + 2(18 x 12)=1008 sq. ft. 

Areas to be dedncted=(7 x 5) + 3(6 x 3i)=98 sq. ft. 

Hence area to be papered = 1008 - 98 = 910 sq. ft. 

910 
.*. length of paper required = -^ = ^20 ft. 

Carpeting. — ^Usually a carpet is made in one long continuous 
piece of a given width. Hence, to ascertain the length of carpet 
required to cover the floor of a room, it is necessary to obtain 
the area of the floor, and this area divided by the width of the 
carpet will give the length of it required. 

Ex. 1. If a carpet is f yard wide, find the length required to 
cover the floor of a room, length 24 ft., width 18 ft.; find also the 
cost at 5s. per yard. 
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Let A BOD (Fig. 41) represent a plan of the room, A B being 24 ft., 
and BC 18 ft. 

As 18 ft. =6 yds., and 6-fi=8, if DA be divided into 8 equal 
parts at E^ Fy O, H^ K, L, M, each of the portions indicated will 
be I yard, and the length of carpet required will be 
8 X 24= 192 ft., or 64 yards. 
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FiQ. 41. 

The previous result may be obtained in a simpler manner. 
The area of the carpet must be equal to the area of the floor. 

T . , r i. -J *r®a of floor 

.-. Length of carpet required=^^jgj^^f^^j^^. 

Thus, in the above example, 

area of floor =24 x 18 sq. ft. 

24X18 ^Q «« „j„ 

= — g — =48 sq. yds. 
Length of carpet required =48 4-1= 64 yds. 
Cost of carpet =64 x 5s. =£16. 
Ex, 2. The length of a room is 36 ft., and its width 22 ft. A 
border 2 ft. wide is to be stained all round the room, and the central 
part covered with a carpet | yard wide. If the staining cost 6d. 
per square foot, and the carpet 5s. per yard, find the total cost. 

Let A BOD (Fig. 42) represent a plan of the floor, and the shaded 
portion, the area, to be stained. This area will be obtained by sub- 
tracting the area of the inner rectangle from the area of the outer 
rectangle. The sides of the inner rectangle are each 4 ft. less than 
those of the outer. 

.*. area to be 8tained=36x22~32x 18=792-576=216 sq. ft. 
.*. cost of staining = 21 6 x i = 108s. = £5. 8s. 



LININGS. 
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fi'Tft 

Length of carpet required =g — 5 = 851 yds. 

w X J 

Cost of carpet =851 x 5s. =dE2L Gs. 8d. 
total co8t=£21. fts. 8d.+£6. 88.=£26. 14s. 8d. 




Fio. 42. 

Linixigs. — ^The cost of lining the inside of a tank or cistem 
with lead or zinc is generally estimated at so much per square 
foot. When sheet lead is used for this and other purposes it 
is usually referred to by its weight. Thus, " 5 lbs. lead" refers 
to sheet lead, and means that a square foot of it weighs 5 lbs. 
Hence, when the number of square feet in the area which has 
to be covered is known, the weight of lead required can readily 
be obtained by multiplication. 

Ex. 1. The length of 
a rectangular box with- 
out a lid is 8 ft., width 
3 ft., and depth 4 ft. 
If the surface is to be 
covered with 6 lbs. lead, 
find the weight of lead 
required. 

Area of the end ABOD 
(Fig. 43) 

=4x3=12 sq. ft; 
.'. area of both ends 
=24 sq. ft. 

Area of the side AF£!D=S x 4 ; 




Pig. 43. 
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.'. area of the two 8ide8=8 x 4 x 2=64 sq. ft. 
Area of base=8 x 3=24 sq. ft. 
Hence total area to be covered =24 +64 +24 =112 aq. ft. 

.'. weight of lead reqaired= 112 x 6=672 lbs. 



EXERCISES. XXXn. 

1. (i) Calculate the lengtli of the side of a square field which is 
an acre in area, (ii) What fraction of an acre is a field 55 yards 
long by 40 yards wide ? 

2. Find the number of yards in a side of a square field, the area 
of which is 11 ac. 36 per. 

3. A field of 20 ac. is four times as long as it is broad ; find the 
length and breadth in yards. 

4. The length of a room is 31} ft, and ihe area 46 sq. yds. ; 
what is the breadth ? 

5. The length and width of a rectangular enclosure are 386 and 
300 ft. respectively ; find the length of a diagonal. 

6. The foot of a ladder is at a 
distance of 36 ft. from a ^«rtical wall, 
the top is 48 ft. from the ground ; find 
the length of the ladder. 

7. The height of a lean-to roof ia 
3 ft. 6 in., and the span 12 ft. (Fig;. 44); 
how many square feet of felt will be 
required to cover 20 ft. length of the 
roof? 

8. The side of a square is 24 ft. 6 in. ; _, . 
what is its area? *'***** 

9. Each side of an equilat-eral triangle is 10 ft. ; find the length 
of the perpendicular from the base to the vertex. 

10. What length of matting, j yd. wide, will be required to 
cover a room 39 ft. 6 in. long by 25 ft. 6 in. wide? What is the 
cost of the same at 4s. 6d. a yard ? 

11. A quantity of matting, 37 ft. 9 in. long, and 7 ft. 6 in. wide, 
will just cover a room ; what is the width of matting, 75} ft. long, 
which will cover the same room ? 

12. A plot of sround required for building a warehouse is a square 
of 90 ft. 9 in. side ; find its cost at £1. 12s. per square yard. 

13. What would be the cost of painting the four walls of a room 
whose length is 24 ft. 3 in., breadth 15 ft. 8 in., and height 
11 ft. 6 in., at 2s. per square foot? 

14. What will be the expense of paving an area which measures 
35 ft. 10 in. by 18 ft. 6 in., at 68. 3d. per square yard? 
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15. Calculate the cost of the paper for the walls of a room, 20 ft. 
long, 17 ft. broad, and 12 ft. high, allowing 42 sq. ft. for doors and 
windows, the price of the paper being 2s. 8d. per piece of 12 yds. 
long and 21 in. broad. 

16. What length of matting, J yd. wide, will cover the floor of 
a hospital 31 ft. 6 in. long by 18 ft. 9 in. wide ? What is the cost 
of the matting at 2s. 3d. a yard ? 

17. A rectangular field, 400 yds. long and 396 yds. broad, is let 
for £54 a year ; find the rent of an acre of the same field. 

18. How many 8<][uare feet of glass are required to glaze 5 
windows, each containing 14 panes of glass, and each pane measuring 
18 in. by 6 in.? 

19. How many 3-inch squares can be cut out of a 12-inch square ? 

20. A gardener has a piece of matting, 73 yds. 1 ft. 8 in. long 
and 3 ft. 9 in. wide, to cover a wall 94 ft. long and 10 ft. high ; how 
many square feet of wall remain uncovered ? 

2L What is the cost of carpeting a room, 25 ft. 9 in. long by 
22 ft 6 in. wide, at 5s. 4d. per square yard ? 

22. Find the cost of papering a room, 18 ft. 1 in. long by 14 ft. 
8 in. and 12 ft. 6 in. high, with a paper 30 in. wide, and costing 
ijd. per yard. 

23. A rectangular field is 60 ft. lonff by 40 ft. wide ; it is 
surrounded by a road of uniform width, the whole area of which is 
equal to the area of the field : find the width of the road. 

2i. Find the rent, at £2. 5s. an acre, of a rectangular park i mile 
long and J mile wide. 

25. A rectangular garden contains 1200 sq. yds. ; if the length 
is to the breadth as 4 to 3, what will the fencing cost at 3s. 6d. 
per yard? 

26. The two sides of a rectangular field are foun^ to be '0876 
miles and "0056 miles, respectively ; find the area. 

27. The length of a field of 2 acres is 7i poles ; find its width. 

28. Find how long it will take to walk round a square field 
containing 7 ac. 2601 sq. yds., at 3 miles an hour. 

29. Find the cost of lining a rectangular cistern with ''7-lb. 
lead," at 3d. per pound; the inside dimensions are, length 3 ft. 2 in., 
width 2 ft 8 in., and depth 2 ft 6 in. 

30. A rectangular room is 30 ft long and 22 ft. wide ; the height 
from the top of the skirting to the cornice is 11 ft. How many 
yards of paper 21 in. wide will be required to cover the walls, 
assuming that the door, windows, and other openings, just com- 
pensate the waste involved in matching the pattern ? 

31. A carpet covering the central portion of a room cost 
£3. 6s. 8d. The room was 16 ft long bv 12 ft. wide, and between 
edge of carpet and the walls a distance all round of 2 ft ; what was 
the cost of the carpet per square yard ? 
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32. Find the cost of carpeting a room, 34 ft. 6 in. long by 
18 ft. 4 in. wide, at Ss. 9d. a square yard. 

33. The cost of carpeting a room, 26 ft. 8 in. long, with carpet at 
4s. 6d. a square yard is £9. lOs. ; find the width of the room. 

34. The diagonal of a square is 3362 ft. ; find the length of a side 
of the square. 

35. The area of a rectangular field contains 462 sq. yds., its 
length is 25 yds. 2 ft ; find its width. 

36. Find the cost of putting a fence, at Ss. 6d. per yard, round 
a square field, whose area is two acres. 

37. A garden, 77 ft. 4 in. Ions by 50 ft. 4 in. wide, is surrounded 
by a wall 14 in. thick ; within tne wall, round the four sides, there 
is a bed 6 ft. wide, then a pathway 5 ft. wide, and grass in the 
middle : find the areas of the wall, the bed, the pathway, and the 
grass. 

38. If the cost of putting a fence round a square enclosure is 
£36. 13s. 4d., find the side of the square, and price per yard of the 
fence, when the area is 10 acres. 

39. A square field has an area of 2 acres ; what will it cost to 
enclose at 5s. 6d. per lineal yard of its boundary, and to cut a path 
diagonally across it at Is. 6id. the lineal yard ? 

40. The dimensions of a room are, length 21 ft., width 16 ft., and 
height 11 ft. There is a doorway 7 ft. high and 3 ft. wide, and 
two windows 7 ft. by 4 ft. Find cost of papering the room with 
paper, 2 ft. wide, at 3d. per yard. 

Sommary. 
Area of a BwibBaiglB=hcteex(dtUude=l€ngthxbr€cuUh, 
Area of a T9jnJiielognm=b<zaexaltittuie, 

Perimeter. — ^The perimeter of a figure denotes the sum of the 
lengths of all its sides. 



CHAPTER XIV. 



MENSURATION OP TRIANGLE, RHOMBUS, TRAPEZIUM, 
AND QUADRILATERAL. 

Area of a Triangle.— In Fig. 45 the rectangle ABCD and the 
parallelogram ABEF on the same base AB and of the same 
altitude, are equal in area. 




Fio. 46.— Area of a triangle. 

When A is joined to C and i^ it is easily seen that the triangle 
ACB is half the rectangle ABCD, and the triangle AEB is half 
the parallelogram ABEF, 

Hence, the two triangles are equal in area, and the area in 
each case is equal to half the product of the hose and the altitvde^ 
. • . a/rea of a triangle = \ (base x altitvde) = \ab. 

This result is shown graphically (Fig. 46). The rectangle 
ABEL on the same, or an equal base, and half the height ha£) 
the same area as the triangle ABC, 
w,M. I. I 
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Ex. 1. In a right-angled triangle the three sides are 3, 4, and 5 ft. 
respectively, find the area. 
If the base be 4 then the height is 3. 

.-. Area=^x4x3=6sq. ft. 

Ex, 2. If the base of a triangle be 10| yds. , and the height 4^^ ydd., 
what is the area ? 

Area = |(lOf x 4i) = |(A» X ^-) = 22-575 sq. ft. 

If a right-angled triangle is also isosceles^ so that AB=BC 
(Fig. 46) then denoting AB and BC each by unity, 

If the equal sides are of unit length, the area is 
——-^\ unit of area 





Fio. 46.— Area of an iBOflceles 
triangle. 



Fio 47. — ^Area of an equilateral 
triangle. 



In an equilateral triangle the three sides are all of equal 
length, and each angle is 60°. 

If , as in Fig. 47, a line CD be drawn perpendicular to the 
base, and meeting the base AB at D, then the base is bisected 
at the point D so that AD=DB. 

If each of the equal sides be two units in length, 
then -42)= 1, 

and CD = »J2^-P. = Vs. 

So that in a right-angled triangle, in which one angle is 60**, 
the three sides of the triangle are proportional to 2, 1, and \/3. 

Also, area of triangle ABC=^ x 2 x ^3= Vs square units. 



AREA OF A TRIANGLE. 131 

Ex, 3. Find the area of an equilateral triangle, each side 10 ft. 
in length. 

The area=i(-4^ x CD), (Fig. 47) 

:. Area=i(10 x 8-66)=43-3 eq. ft. 
When the three sides of a triangle are given : * 

If a, &, c be the three sides and «= — ^ ; when 8= half the 

sum of the sides, then the area of the triangle is given by the 

formula 

axea=A/8(8— *)(8— W(B— c), 
or, find half the sum of the length of the sides, subtract from 
this half sum the length of each side separately ; multiply the 
three remainders and the half sum together ; the square root 
of the product is the area of the triangle required. 

Ex, 4. We may use this rule to find the area of a right-angled 
triangle, sides 3, 4, and 5 units respectively. The area has been 
already determined by another method in Ex. 1. 

Here «=|(3+4+5)=6. 

Subtract from this the length of each side separately, i.e. 
6-3=3, 6-4=2, 6-5 = 1. 
.*. Area of triangle =V6x3x2xl= \/36 = 6 sq. units. 

Ex, 5. Find the area of a triangle, the lengths of the three sides 
being 3*27, 4*36, and 6-45 feet respectively. 

«=^(3-27+4-36 + 5-46)=6-54. 
.*. Area=V6-54(6-54-3-27)(6-54-4-36)(6-54-5-45) 
= V6-64 X 3-27 X 2*18 x 1 •09=\/^r8i69 
=7-129 sq. ft. 

Ex, 6. The sides of a triangular field are 500, 600, and 700 links 
respectively. Find its area. 

i(500+600 + 700)=900, 
area=-v/900 x 400 x 300 x 200= 146969 sq. links 
= 1 ac. 1 r. 35*15 poles. 

* This useful result must at this stage be taken for granted. Its 
proof will come later. 
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EXERCISES. XXXin. 

1. The base of a triangle is 49 ft. and the height 25*25 ft., find 
its area. 

2. Find the area in acres of a triangle whose sides are 25, 20, and 
15 chains respectively. 

3. Find the area of the triangle whose sides are 13 ft., 14 ft., 
and 15 ft. 

4. Find the area of the triangle whose sides are 21, 20, and 29 
inches respectively. 

5. The sides of a triangular field are 350, 440, and 750 yds. The 
field is let for £31. 10s. per year ; what is the rent per acre ? 

6. On a base of 10 yards a right-angled triangle is formed with 
one side 2 yards longer than the other. Find its area. 

7. The sides of a triangle in yards are 101*5, 80*5, and 59*4 
respectively, find the area. 

8. Find the area of a triangle, base 625 links, height 1040 links. 

9. Find the area in square yards of a right-angled triangle, the 
two perpendicular sides being 80 and 30 ft. respectively. 

10. Find the area of a triangular field, the sides of which are 2569, 
4900, and 5025 links respectively. 

11. The sides of an equilateral triangle are each 17 chains 4 links. 
Find the area. 

12. A triangular field, the three sides of which are 350, 440, and 
750 yards respectively, is sold for £52. 10s., find the selling price 
per acre. 

13. At £5 per acre find the cost of a triangular field, the three 
sides being 130, 140, and 150 yards. 



Fia. 48. 



14. The span AB (Fig. 48) of a roof is 40 ft., the rise 15 ft.; find 
the total area covered by slating if the length of the roof is 60 ft. 

15. The sides of a triangular field are 300, 400, and 500 yds. If a 
belt, 50 yds. wide, \a cut off the field, what are the sides of the 
interior triangle, and what is the area of the belt ? 
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Fio. 49. 



16. Find the area of a triangle, the sides being 15, 36, and 39 ft. 
respectively. 

17. The three sides of a triangle are 15, 16, and 17 ft. respectively, 
find its area. 

18. Find the area of a triangular piece of land, in which the three 
sides are 600, 700, and 800 yds. respectively. 

19. Find the area of an equilateral triangle, each side 10 ft. in 
length. 

20. The sides of a triangular field are respectively 10 chains, 

8 chains, and 12 chains. The chain being 22 yards, find the acreage 
of the field, and the perpendicular distance of the longest side from 
the opposite comer. 

21. The area of a triangular field is 6 a. 2 r. 8 p., and the perpen- 
dicular from one angle on the base is 524 links. Find the length of 
the base. 

22. The gable-end of a house measures 

9 ft. 7 in. in heiffht from the base to the 
ridge. If the length of the base AB 
(Fig. 49) be 20 ft. 10*4 in., find the area. 

23. The area of an equilateral triangle 
is 625*25 sq. ft., find the length of a 
side. 

24. The area of a triangular field is 16 ac. 3 r. 8 p., the base 
14 chains. Find the length of the perpendicular from the opposite 
angle to the base. 

25. The sides of a triangle are 624, 780, and 468 links respectively. 
Fii\d its area in acres. 

Area of a Bhombus.— Let ABCD 
rhombus. By joining A to C^ the 
figure is divided into two triangles 
A CB and A CD, Also the tvjo diagonals 
of a rhomhu8 bisect each other at right 
angles. Moreover, the line IB is the 
altitude of the triangle ACB and ID 
is the altitude of the triangle A CD. 
Therefore area of rhomlms 

=area of triangles ACD and ACB 

=i{ACxIB)-^i{ACxID) 

=i{ACxBD), 
hence the area of a rhombtis is half theproditct of the two diagonals. 
When a diagonal AC and one side AD of a rhombus are 
given, then, since all the sides of a rhombus are equal in length, 
the area is obtained as follows : 



given 




A B 

Fio. 50.— Area of a rhombus. 
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In the triangle ADC the three sides AD^ DC^ and CA are 
known. From this, as on p. 131, the area of the triangle ADC 
can be obtained. The area of the rhombus is obviously twice 
the area of ADC, 

Ex. 1. Find the area of a rhombus, the diagonals being 30 and 
12 feet respectively. 

Area = i (30 x 12) = 180 square feet. 
Ex. 2. If in a rhombus the length of one side .^Z) is 65 and that 
of one diagonal is 104 units, find the area. 

Here j (65 + 65 + 10 4) = 117. 

.-. Area of triangle n/117x 13x52x52 
=2028 units of area. 
Hence area of rhombus =2028 x 2=4056 units of area. 

Area of a Trapeziiun. — ^The area may be obtained by divid- 
ing the figure into two triangles ACD and ACB (Fig. 51). 




E c 

Fio. 51.— Area of a trapezium. 

If ^^ be drawn perpendicular to BC^ and meeting BC in E^ 
then AE is the altitude of both the triangles ABC dkudi ACD, 
:. area of triangle ABC^^BCx AE), 
area of triangle ACD=^\{AD x AE). 
Area of four-sided figure A BCD equals area of tne cwo 
triangles into which the figure is divided by the line AC 
:. area of ABCD^i{BCx AE)-{-i{AD x AE 

==Iae{bc+ad 

This important result for the area of a trapezium may be 
stated as follows : Multiply the sum of the parallel sides hy half 
the perpendicular distance between them. 
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Ex. L Find the area of a trapezium, the lengths of the two 
parallel sides being 650 and 925 ft. respectively, and the perpen- 
dicular distance between them 420 ft. 

Area =i (650 +025) 420 
=330760 sq.ft. 
Sx. 2. Find the perpendicular distance between the two parallel 
sides of a trapezium, the lengths being 74 and 84 *S ft. respectively, 
and the area 762*24 sq. ft. 
Here J (74 +84-8) =79 '4, 

762*24 
.*. perpendicular distance = »q . = 9 '6 ft. 

Area of any Quadrilateral. — ^Any four-sided figure, such as 
ABCD (Fig. 52) is called a quadrilateral. By joining Z) to -5 the 
figure is divided into two triangles ADB and DBC. The area of 
the quadrilateral is the sum of the areas of the two triangles. 
Draw A E and CF perpendicular to DB. 




Fro. 62.— Area of a quadrilateraL 

Then area of triangle ADB^\(J)By.EA). 

Also area of triangle DCB^\{DBxCF)', 

:. area of quadrilateral ^\dB{EA + CF), 
or, half the product of one of the diagonals and the sum of the two 
perpendiculars let fall, on that diagonal from the turn opposite 
angles gives the area of the qu<zdrilateral. 

Ex, 1. The lengths of the sides of a quadrilateral figure are 
AB 107i ft., BG 127i ft., CD 150 ft., DA 62J ft., and the length 
of the diagonal BD is 132^ ft. Find the area of the quadrilateral. 

As the three sides of the triangles ABD and BCD are given, we 
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can find the area of each triangle separately and add the results to 
obtain the total area of the quadrilateral as follows : 
Half the sum of the sides of the triangle DBC is 
4(127 •5 + 150 + 132-5)=205, 
subtracting from this 127*5, 150, and 132*5, respectively, we obtain 
77 5, 5^, and 725. 

.-. Area of triangle DBC =^/205 x 77 '5 x 55 x 72*5 
=7960 sq.ft. 
In a similar manner the area of the triangle DBA is 
•/151 -25 X 18-76 X 8875 x 43 75 
=3318 sq. ft. 
/. Area of quadrilateral 2)^^(7=7960+3318 

= 11278 sq.ft. 

Ex. 2. Let DA=4B ft., AB=20 ft., and BD=52 ft, also let 

CFr^iOit Then i (48 + 52 -20) =60. 

Area of triangle DAB=»JeO x 12 x 8 x 40 

=>/230iOO=480sq. ft. 
Area of triangle DCB=i{62 x 40)= 1040 sq. ft. 
.*. Area of quadrilateral =480 + 1040 
= 1520sq. ft. 

EXERCISES. XXXIV. 

1. The parallel sides of a trapezium are 234 ft. and 104 ft. respec- 
tively, the perpendicular distance between them is 92 ft. : find the 
area of the trapezium. 

2. The plan of a district is found to be a trapezium having its 
parallel boundaries 276 and 216 miles respectively, and its breadth 
72*5 miles : find the area of the district. 

3. A field in the form of a trapezium has its parallel sides 
10 chains 30 links and 7 chains 70 links ; the distance between them 
is 7 chains 50 links : find the area of the field. 

4. A BCD is a quadrilateral field in which the aneles C and D 
are rieht angles, and the angle A is half a right angle. Find the 
area of the field, given that BC =91 yds., and AD =151 yds. 

5. In a trapezium the parallel sides are 750 and 1225 links, and 
the perpendicular distance between them 770 links : find its area. 

6. In a quadrilateral one diagonal is 84 ft., and the two per- 
pendiculars on it from the other two angles are 16 ft. and 18 ft. 
respectively : find its area. 

7. A BCD is a four-sided field such that the lines joining opposite 
comers A, C, B and D meet at right angles at F; the lengths FA, 
FB, FC and FD measuring 83, 97, 125 and 238 yards respectively : 
find the area of the field. 



EXERCISES. 137 

8. A quadrilateral has two of its sides parallel ; these sides are 
10 and 12 ft. respectively ; the perpendicular distance between them 
is 4 ft. : find the area of the figure. 

9, The sides of a quadrilateral taken in order are 27, 36, 30, 
25 ft. ; the angle between the first two is 90° : find its area. 

10. The parallel sides of a trapezium are respectively 27*5 and 
38*5 ft. : the perpendicular distance between them is 12*385 ft. : 
find its area. 

11. Two sides of a field, which are parallel, are 7 chains 33 links 
and 16 chains 19 links respectively in length, and the perpendicular 
distance between them is 27 chains 8 links : find the area of the field 
in acres. 

12. An earthwork in the form of a trapezium has a breadth of 
12 ft. at the top and 38 ft. at the bottom, its height being 12 ft. : 
find the number of cubic feet in a rod of its length. 

13. The two parallel sides of a field are 650 and 925 links respec- 
tively, and the perpendicular distance between them is 420 links : 
find the area of the field. 

14. The two parallel sides of a field are 700 links and 300 links 
respectively; if the perpendicular distance between them be 620 
links, find the area of the field. 

15. The distance between the two parallel sides of a trapezium is 
19 ft., and one parallel side is 4 yds. longer than the other : find the 
length of each side when the area is 475 sq. yds. 

16. ABODE is a five-sided field. The side ^B is 533 links, the 
diagonal BD is 875 links, and diagonal AD ia 888 links. The per- 
pendicular from C on to BD is 360 links, and the perpendicular 
from E on to AD ia 700 links. Find the area of the field m acres. 

Suxninary. 

Area of a Triangle =) base x altitude. Or, from half the sum of 
the three sides subtract each side separately; multiplv the half 
sum and three remainders together ; the square root of the product 
gives the area of the triangle. 

Area of a BJaom\mB=?icU/ the product of the two diagwicUs. 

Area of a Trapezinm= Multiply hcUf the mm of the parallel sides by 
the perpendicular distance between them. 

Area of a Quadrilateral. — Join any two opposite comers by a 
diagonal line ; on this diagonal let fall perpendiculars from the 
remaining two opposite angles and obtain the lengths of these 
perpendiculars. Then the area of the quadrilateral is half the 
product of the diagonal and the sum of the two perpendicidars. 



CHAPTER XV. 

MENSURATION OF HEXAGON AND OF ANY POLYGON. 

Area of a Begolar Hexagon. — In the case of a regular six- 
sided figure, that is, a hexagon, as in ABCDEF (Fig. 53), the 
area can be obtained by dividing the figure into as many tri- 
angles as there are sides to the figure. All these triangles are 
equal in area, and the area of the hexagon is 6 times that of the 
triangle OAB. 




A P B 

Fig. 68. — Area of a hexagon. 



Let a denote the length of the side AB. With any centre 
and radius OA =a, describe a circle. The length OA^ it will be 
found, may be marked off exactly 6 times along the circumfer- 
ence, so obtaining points A^ By C, D, E, F, Join ^ to ^, etc., as 
in Fig. 63 ; then ABCDEF is a regular hexagon. 
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Join the centriB to A and B. Then OAB is an equilateral 
triangle. 
If OP be a line perpendicular to AB, and passing through 0; 

AP=PB=\. 

Also 0P=.^a2-J=|V3. 

Hence, area of triangle OAB^APy. 0F=^ x |^3. 

/. area of hexagon = 6 x -jVs = 5 a V3. 

The value of ^3 is known to be 1*732 (p. 46) ; 
/. area of hexagon = 2*598 x a^ ; 
or, to find the area of a hexagon^ square the side and mvZtiply hy 
2*598. 

Using this rule when the area is given, the length of side can 
be obtained. 

Ex, 1. The length of each side of a r^;ular hexagon is 4 feet, find 
its area. 

Area=2*598 x 4»=2-698 x 16 
=41-568 sq. ft. 
Ex. 2. The area of a regular hexagon is 1039*2 sq. in., what is 
the length of the side ? 

We have 1039-2=a2 x 2*698, 

where a denotes the side of the hexagon. 
. ^«_1039:2__ 
• "^ - 2*698 -*""• 
.-. a=20. 
.'. Length of side =20 in. 

EXERCISES. XXXV. 

1. The area of a regular hexagon is 7 sq. ft. 31*228 sq. in., find 
the length of a side. 

2. The side of a regular hexagon is 10*74 yards, find its area. 

3. Find the side of a regular hexagon, equal in area to an equi- 
lateral triangle, whose side is 160 ft. 

4. The length of each side of a hexagon is 12 ft., find its area. 

5. Find the area of a hexagon whose side is 20 ft. 

6. The area of a hexagon is 286*437 sq. ft., find the length of a 
side. 
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7. The area of a hexagon is 10*39 sq. chains, find the length of 
one of its sides. 

8. The area of a hexagoii is 3367*699 sq. yds., find the length of 
its side. 

Area of any Polygon.—- The area of any irregular polygon may 
be found by dividing the figure into a number of triangles, then 
by finding the area of each triangle, and finally adding together 
all the areas so obtained, the result is the area of the figure. 

Graphically. — ^The area of an irregular figure may be obtained 
graphically as follows : 

Let ABODE (Fig. 54) be an irregular five-sided figure. 




FA E G 

Fio. 54.~Oraphical method of finding the area of a polygon. 

Join CtoA^ and from B draw a line BF parallel to CA^ meet- 
ing EA produced at F. Join to F. 

The triangles CFA and CBA are on the same base CAy and 
have the same altitude. Hence the triangle CFA is equal in 
area to the triangle CBA, 

In a similar manner, join CtoE, and from point D draw DO 
parallel to CE^ meeting AE produced at (?. Join Cio G, 

The triangles COE and CDE are equal in area. 

Thus the triangle FCO is equal in area to the given five-sided 
figure. As the length of the base FGy and also the altitude of 
the triangle can be obtained, the area of the triangle, and there- 
fore the area of the given five-sided figure can be ascertained. 

Or, the triangle FCO may be converted into an equivalent 
rectangle, as on p. 130. 
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MISCELLANEOUS EXERCISES. XXXVI. 

1. If the base of a rectangle is 1 mile in lengthy and the diagonal 
li miles, find the area. 

2. Find the cost of putting a fence, at Is. 6d. per yard, roun(^ 
a square field whose area is 4 acres. 

3. Find the difference in the cost of papering the walls of a room 
19 ft. 4 in. lonff, 12 ft. 2 in. wide, and 10 ft. 6 in. high, with paper 
21 in. wide and costing 7d. a yard, or with paper 18 in. wide costm^ 
6id. a yard, allowing 13 square yards for windows, etc 

4h The width of a lawn-tennis ground is two-thirds of its length. 
The cost of levelling it at 8d. per s(]^uare yard is £115. 48. ; find the 
cost of enclosing it with an iron railing at 6s. 8d. per yard. 

5. Find the area of a path 3 ft. wide round a house 57 ft. long 
and 37 ft. wide. 

6. A roof which measures 18 feet along the ridge, and 10 ft. 8 in. 
from ridse to eaves, is to be covered with slates 16 in. long and 8 in. 
wide, each slate overlaps the one below by 2 in. ; find the number of 
slates required, and the cost at 2s. per dozen. 

7. The diagonal of a rectangular field is to its length as 13 to 12, 
and its area is 1 ac. 20 sq. yds. ; what is its breadth ? 

8. The perimeter of a rectangular field is to its length as 34 to 
13, and the length exceeds the breadth by 70 yds. ; what is its 



9. A rectangular tank 3 ft. in width by 4 ft. in length receives 
all the rain that falls on a roof, length 30 ft., width 20 ft. On a 
certain day it was estimated that a pint of water fell on each square 
foot of roof ; how far will the water rise in the tank ? 

10. Find the area of a rectangle, length 9| ft., width 5} ft. 

11. Find the length of carpet f yard wide necessary to cover the 
floor of a rectangular room 22^ ft. long, 21 i ft. wide. 

12. Find number of rolls of paper required to paper the walls of a 
room 18 ft. Ions, 12 ft. wide, and 10) ft. high ; each roll is 21 in. 
wide, and 12 yds. long. 

13. The area of a rectangular plot is 101 sq. yds. sq. ft. 8 sq. in. : 
its length is 36 ft. 9 in. ; mid its breadth. 

14. The length and width of a rectangular tile are 12 in. and 9 in. 
respectively ; find the number required to pave a passage 90 ft. long 
by 9 ft. wide. 

15. How many cwt. of lead will be required to cover a roof 48 ft. 
long and 32 ft. wide with lead -^ of an inch thick ? 

16. Find the cost of the paper for a room 17 ft. 7 in. long bv 
11 ft. 5 in. wide, and 10 ft. high, using paper 2 ft. 8 in. wide at 8a. 
per yard. 
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17. The sum of £9. Os. lOd. is allowed for the paper for a room 
27 ft. long, 19*55 ft. wide, and 12*4 ft. high ; how mnch per yard 
must be given for a paper 2*7 ft. wide? 

18. The length of a hall is three times the breadth : the cost of 
whitewashing the ceiling at 5id. per sq. yd. is £4. 12b. 7*1 d., and the 
cost of papering the four walls a^ Is. 9<L per. sq. yd. is £35; find the 
height of the hall. 

19. A rectangular fields four times as long as it is broad, contains 
2^ acres ; find its length and breadth. 

20. Find the cost of painting the four sides and the bottom of a 
tank 3i yds. long, 3} ft. wide, and 6 ft. deep., at 4d. per square foot. 

21. A room is 18 ft. Ions, 12 ft. wide, and 11 ft. high; what length 
of paper a yard wide womd be required to line its four walls and its 
ceiling ? 

22. There is a square enclosure of 10 acres ; a man walks at the 
rate of 3 miles an hour along one side, along a diagonal, along another 
side, and so returns alon^ the other diagonal to the starting point ; 
how many minutes does it take him to walk the distance ? 

23. The length of a floor is 28 ft. and width 19 ft. ; find the cost of 
carpeting it with carpet f yard wide, and costing 5s. 9d. a yard. 

24. The length of a field is i mile, the width 242 yards ; find its 
area. 

25. The length of a rectangle is 81 ft., its width 5} ft. ; find the 
side of a square, the area of wnich is equal to that of the rectangle. 

26. Find the cost of fencing a square field of 10 acres at 9d. per 
yard. 

27. The length of a courtyard is 20 yds. 2 ft. 6 in., and width 
12 yds. 2 ft. 3 in. ; find the number of stones required to pave it, 
each stone being 2 ft. in length and 1 ft. 5 in. wide. 

28. Find the area of a triangular field, the three sides being 848, 
900, and 988 links respectively. 

29. The two parallel sides of a trapezium are 750 and 1225 links 
respectively, the perpendicular distance between them 1540 links ; 
find its area. 

30. A lawn-tennis ground is half as long again as it is wide : the 
cost of levelling it at 9d. per square yard is £176. 8s. ; find the cost 
of enclosing it with an iron railing at 7s. 6d. per yard. 

Smninary. 

Area of a Regular Hexagon.— The area is the product of 2*598 and 
the square of one of the sides. 

Area of any Polygon. — The figure may be divided into a number of 
triangles ; the area of the polygon is then the sum of the areas of all 
the triangles. 
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16. -258 ; 4-05 ; 1045. 16. (i) -097485, (ii) 25. 17. 2. 18. 80. 



19. -08. 20. 


•0481. 21. 


•0209. 22. -009216. 


23.^1. 




Exercises X., p. 32. 






1. 2019-114. 


2. 273-9246. 


8. 1704-635. 


4. 


105-0576. 


6. 6-020297. 


6. 302*203. 


7. 00117297. 


8. 


16-894668. 


9. 26*3896. 


10. 44*1922. 


11. 6*47522. 


12. 


169-209. 


18. -43051. 


14. 1826*392. 


16. -037274. 


16. 


-00864. 


17. 1274*897. 


18. 1*8806. 


19. 197905-8578. 


20. 


714-1791. 


21. 47975-1. 


22. -016558. 


28. 244393-4. 


24. 


51-258. 


26. -01661. 


26. 20-7969. 


27. -55886. 


28. 


231-8346. 


20. 3673-606. 


80. 324-0642. 


31. 36-074. 


82. 


14530-625. 


38. -032370. 












Exercises XL, p. 33. 






1. 32046. 


2. 29*48. 


8. -00825. 


4. 


119*57. 


6. 6-725. 


6. -059106. 


7. 43*25. 


8. 


005107. 


9. -070885. 


10. 31 01. 


11. 096175. 


12. 


4230. 


18. 3278. 


14. 435. 


16. 381*8. 


16. 


•03764. 


17. 3175. 


18. *1371. 


19. 719*8. 


20. 


4073. 


2L '04705. 


22. 555. 


23. 00243. 


24. 


-245. 


25. -628. 


26. -005459. 


27. 0016089. 


28. 


2460. 


29. -00348. 


30. 13-75. 


31. 130. 


82: 


19880. 


88. -03. 84. 


-007793. 36. 


90-11. 36. 3-921. 




37. -03674. 



Exercises XTT., p. 36. 

1. -685. 3. 2-59375. 4. 9-376; 028. 6. 1-09375. 

6. 11-8288. 7. -9412. 8. 11-7578. 9. 18*402969. 

!•. ^> h mUJf> W ; ¥• 11. sUt- 12. -5269. 

W.H. I. K 
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13. -1876. 14. -189. 15. 1-271. 16. AV i 1 ItVA > TiTTTOTT- 
17, '003d. 18. l-29d7S; -6361 S ; -32116; 289636. 19. 41 •246ft. 
20. Hi- 21. i- 22. -2. 28. OS. 24. i; if. 25. 19-M. 



1. 189. 

5. 37072 lbs. 

8. -75. 9. -325. 

12. 68318. 

17. -3140625. 



18. TTTTOr* 



1. 7256. 
6. -00161. 
9. 1-044. 

18, 1-82496; VtVV-- 
16. i. 17. 1; 1. 

20. •276;xlT*Tr- 



Ezercises XTTT., p. 38. 

2. -3471 3. 8-304 pence. 4. 2026*248 minutefl. 

6. 4621 -32 ft. 7. 88. 7|d. 

10. £22. 11. 64701-425. 

14. 5-4198. 15. 78-012. 16. 6cL 
18. 2-7766626 ; 2 qrs. 7 lbs. 

Miscellaneous Exercises XIV., p. 39. 

2. £4. Ss. lid.. 3. 6-232. 4. -OOOOOa 

6. -826. 7. 43i. 8. -S4; '54; -Oli 

10. 1-6. 11. -844. 12. 16; 11. 



24. 1 08448. 
28. 19-Od. 



14. a ; 420. 
18. -00661. 
22. 6-76. 
26. -9766626; 1024; 1. 26. 

29. 16. 80. -527. 81. 46. 



«. tVf. 



16. 4-8lft. 

19. 19-dd. 

23. 180. 

•976. 27. •2S. 

32. •00666 m. 



Exercises ZV., p. 44. 
1. -0009. 2. -0000000169. 3. -0004. 4. 

6. sAthS' «. 39-0626; 244141 ; 3906-26; 244140-6. 

7. 8-7025: 2567; 1122; 37 •696. 8. 726. 

9. 000271. 10. 1. 11. 000176. 



•18. 



1. 729. 

S. -00126. 

9. 70-205 ; if. 

18. 8-426. 

17. 10-001. 

21. 67-004. 

26, 62573. 

29. 1-046. 



Exercises XVI., p. 48. 

2. 327 ; 28-349 3. -437962. 4. 116-23. 

6. 7006 ; 9i. 7. 9-639. 8. 709. 

10. -02604. 11. -186. 12. -2317. 

14. 91109. 16. 7070. 16. 22-004. 
18. 3007. 19. If ; -2846. 20. (i) 11-108 ; (u) 15-3011. 

22. 507. 28. (i) 2-828 ; (ii) -014. 24. 141-05. 

26. 6t^. 27. 7072. 28. 416a 
30. (1) 4-6 ; (ii) 7§. 81. 6|. 



. Exercises XVII., p. 51. 

1. 206216. 2. 48 miles per hour. 

8. 47-rr miles P^i^ hour ; ZQ^ miles per hour. 4. 3 lbs. 6 oz. 
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6. 50 miles per hour. 6. 26722*36. 7. 26 15. 

8. 8s. lid. 9. 57*29925; '6295. 10. £167a 6s. 6d. 

11. 6366tJ; 15^^xfe. 12. 64 05 feet. 13. 149j|. 

14. 31 ft. per sec. 15. 92*9 lbs. 16. 59*9. 17. 6} mins. 

18. 13 St. 4 lbs. 19. 443520. 20. 70400. 



Exercises XVIIL, p. 56. 

1. -00275. 2. 70; 9. 3. 4id. 4. £8. lis. lO^d. 

5. 10. 6. £481. 5s. 7. "0859. 8. ^. 

9. 485 miles. 10. 7t* 11. £224, £240, £350. 

12. 22cwts.2qrs. 13. 6524. 14. 59J, 68, 76i. 15. 5. 
16. H; fif- 17. £7 ; £11. 13s. 4d.; £16. 6s. 8d.; £21. 

18. £7173. 6s. 8d.; £8070; £8608; £8966. 13s. 4d. 

19. 68. 6d. 20. £4. 5s.; £3. 5s.; £2. 10s. 

Exercises XIX., p. 59. 
1. £2. 5b. 2. 225. 3. £9. Is. 7 -2d. 4. 5^. 

5. 18-57,. «• 28|. 7. £875; 7||. 8. 142800. 

9. 12i. 10. 268. 11- £446. 10s. 12. £1. 19s. 4d. ; 21-4%. 

13. Sulphur 28 lbs., charcoal 42 lbs., nitre 210 lbs. 14. 12-72. 
15. 5 per cent. 16. 20 per cent. 17. £62. lOs. 18. 2 ; 14. 
19. 9 per cent. 20. 19 : 26. 21. £196. 10s. 22. 20200. 
23. 5s. 3d. 24. 7*95; 16*5. 

Exercises ZX., p. 66. 

«• a^+^+^» or x + x^ + sc^. 3. 120; 100; 12. 

!6 4 



4. 96; 432; 396. 


5. 93. 


6. -44. 


7. 156. 


8. 20. 9. 2. 


10. 45. 


11. 9. 


12. 5. 


13. 1640. 14. i. 


15. -1560. 


16. 14179-7. 





Exercises XXL, p. 67. 

1. ll(a+6 + c+d). 2. 13a-136 + 9c+2rf. 3. 10a. 

4. 23a:-56. 5. 6a?-6y + 8z + a. 6. aa: + 2fey + 28 - 42. 

7. 7xy + 5az-hc-h5mn-3p. 8. 2a^ + Sa + Sb-c, 

9. 47a"-6*+3c2. 10. 15o6-7ca:+4eJl;-8. 

11. 12a2 + 6a6-62+3a+46; 31. 12. 194. 13. 109. 

14. 2a«6 + 7a62 + 36». 15. 9a5 + 3ac» - 6a"c + 3ack - 7aC(«. 

k2 
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EzerclBes XXII., p. 09. 

2. 6o2-4a + 36-4. 8. y^+y-4a. 4. 3a»-76. 

5. 2ay + 16a: + 5. 6. 5si^-2xy-5. 7. - a» - 10a«6 - a6». 

8. 6a26+268. 9. 5a + 86-8c. 10. -aa:-76y + 2cz+2. 
11. 3x»-3a:2+3a;-3. 12. 2a + 26 + 9c. 18. 32+6y-y»-2a?+3a 

14. 10mz+46a;-10ay+l. 15. a' -7a26 + 6052+46*. 

16. |y-^ 17. 6a6-86». 

18. 14aV-9y*; 4a;*+4a:ay«-4y*. 19. a:* - a:^^ + Ta^y^ _ gyS, 

Miscellaneous Exercises XXTTL, p. 70. 

1. 3ac + 4y-z. 2. ax + 6by-llcz+mn. 3. 9. 

4. 16. 5. 22-41. 6. 2. 7. -6. 8. 36. 

9. (i) -4-6; (u) 10; (iii) -\i; (iv) - |f. 

10. (i) -40j;(u) l^; (iu) - 13f . 

Exercises ZXIV., p. 74. 

1. a«-a*6 + 9a6». 2. a:'-9a^+26a:y»-30y3. 

8. a:3-9«y3+26a:y«-24y». 5. 16a*-72a262 + 816*. 

6. 20aJ>-22a;7+36«»-17aJ^+5a?; -21. 7. a8+6« + c»-3a6c. 

9. 35a;*-12arV-12arV" + 72a:y8-35y*. 10. a»-6» + 3a26. 

11. a^+acyz-i^+z^. 12. ofi-a^. 

18. a*-2a36a+6*+4a6c2-c*. 14. a:5+y»+28-3a;//z. 

15. 8a*+4a86-54a262+27a6»+276*. 16. ^ + 2a"+g- 

17. 4a»+4a»-13a6a+6o6-a-66»+762-l. 

18. x' - 61aJ» + 167a:* - 108a:S + eiar^ - 168a: + 108. 

19. a*-3a»&-9a262+23a6»-126* 20. ^-4ah?^^^^-a\ 

Exercises XXV., p. 76. 
1. x+y. 2. a"+4aa:+a:*. 3. a:*+6a; + 9. 

4. o»+a6 + 62. 5. a^-oft + fe^. 6. a«-3oa:+a;». 

7. a^-ah + l^, 8. aa+2a6+26a. 

9. a:*+2aa:»+3a«a:*+2a»a:+a*. 10. a*+a6-ac-6c. 

11. a?*-aa:»-6a»a:»-7a'a:+49a*. 12. 3a;2 _ 2a:y + 3y2. 

13. a:*+aa:'-a^-a*. 14. ot^-^-j^+z^-yz-xz-xy, 

15. a:»-6a:^ + 6a:y^-y'. 16. o^+ph^+pqx^-q^ 

17. 5ay(a:+y). 18. a:»-3a:»+lla;-8. 

19. T^+aa^-ahi-a^ 20. a:»-2a:8+4a:+7. 21. 2a:«+a:y+3y«. 
22. l-2a;+3a:«-3a:»+3ar*-3aJ». 28. 3a:* - 2a6a: - 2a268. 

24. o»-6«. 25. 7a:"+5a:y + 2y2. 
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Exercises XXVL, p. 78. 

5. -27a-36. 4. -19a;+12y. 5. 13a-216. 
9. X. 7. x+2, 8. a-g, 9. 2a-6-d. 

10. c+146-a. 11. 0. 12. -76. 18. 2a. 

14. 3(a+3&). 15. 10|. 16. (i)l; (ii) ^. 17. 3a +86. 

18. a+66-4c. 19. 6. 20. 2o-136+10c. 21. 36a-276. 

22. 128. 23. i. 24. 126^. 

25. (i) I, (ii) 15A. (iii) -16, (iv) 3f 

Miscellaneous Exercises XZVII., p. 79. 

1. 6jc»-26oar*+17aV-10a»a;8+28aa;*+4a». 

2. ar*-2jB»+3ar»-2a?+l. 4. a:«+2a;+3. 5. -2a?-3()y+53z. 

0. {i)x^'9ix^-lixy^-2iy^, (ii) 4iB2+5a:y+l()y«. 

7. (i)^, (ii)»H- 8. 0. 9. 56c+6c8+6«c»; -2. 

10. 367a+66 + 690c-2406c-120a6; 2. 

11. (i)^_^+^+^, (ii)2o»r.3aa6. 12. -2a;-30y+632. 

DODO 

13. 268-36^. 14. -35a:+18y + 172. 15. 6»-a2+^-|I. 

21. a(c-6). 22. 6(a-c)+3ac. 23. | + 6. 24. 3a>. 

25. 4. 26. -1. 27. i- 28. |. 29. -30. 80. -I* 
»1- -T>t; -T>3j. 32. -4oVy- 83. (i) 2a+y+a?; (ii) ^. 

34. 2a;»-o*-2a»+2o+7. 35. ^. 

Exercises XXVin., p. 87. 

1. 7. 2. 12. 3. 9. 4. 46+2. 5. 12. 6. 10. 
7. 5. 8. 15. 9. 4i. 10. 20. 11. 11. 12. 12. 

18. 13. 14. 14. 16. 1. 16. 41. 17. 4. 18. 4t* 

19. 13. 20. 6. 21. 4. 22. 3. 23. 4. 24. J. 
25. f . 26. 7. 27. (!) 5, (ii) 172. 28. 25*3. 29. 200. 
30. (i)ll, (ii)36, (m)4. 31. 450. 32. 12. 33. 14. 34. 6. 

Exercises XXIX., p. 90. 
1. 8|; ef. 2. 24ft. 3. 3f. 4. 100. 5. 22; 37. 

6. 10. 7. 6. 8. 3; 9. 9. 6. 10. 900a 
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11. 180 ; 205. 12. A, £800 ; B, £320. 13. 42 ; 6. 
14. 060; £340. 16. 30. 16. 55. 17. 76i; 202^. 

18. lid. 19. 23-4 ; 15'6. 20. £1. 13s. 

21. 37 ; 21. 22. 62. 23. £1. 28. lO^d. 24. 2a. 25. ff a&. 

Exercises XXX., p. 101. 
1. 0254 ; %3048 ; 9144 ; 50291. 2. 201164 ; 201 1644 ; 1609*3149. 

3. 3 poles 2 chains. 6. 9 yds. 1 ft. 8*484 in. 

6. 6296*4. 7. 2414016. 8. 39*37 inches. 
9. 160*9315. 10. 58. 4*32d. 11. 3068. 

12. (i) 3069*03696 ; (ii) 935*45 ; 6 miles 373 yds. 1 ft. 13. 514. 

Exercises XXXL, p. 116. 
1. (i) -92899; (ii) 8*36097. 2. 1011*67. 3. 836*097. 4. -2019. 
5. -645137. 6. 10. 7. 37440497. 8. Latter; -003. 

Exercises XXXn., p. 126. 

1. (i) 208*6 ft. ; (ii) t^. 2. 233*08 yds. 

8. 622-25 ; 155*56. 4. 13t ft. 5. 488*87 ft. 6. 60 ft. 

7. 250 sq. ft. 8. 600 sq. ft. 36 sq. in. 9. 8*66 ft. 
10. 149f yds. ; £33. lis. 6d. 11. 3 ft. 9 in. 12. £1464. 2s. 

13. £91. 16s. 2d. 14. £23. Os. 4-8d. 16. £1. 158. 9^d. 
16. 87Jyds.; £9. 16s. lOJd. 17. £1. 13s. 18. 52J sq. ft. 
19.16. 20. 112i. 21. £17. 3s. 4d. 22. £2. Os. lid. 23.10 ft. 
24. £180. 26. £24. 10s. 26. 1 r. 10*233 po. 27. 44^ po. 
28. 8*68mins. 29. £3. 5s. lOd. 30. 217*9 yds. 31. 68. 3d. 
82. £13. 3s. 6id. 33. 13 ft. 6 in. 34. 2377*292 ft. 36. 18 yds. 
86. £68. 17s. 9*6d. 37. 32*5; 148; 98|; 153^ sq. yds. 
38. I mile; lOd. 39. £108. Os. 4*8d. ; £10. 6s. 40. £1. 8s. 7id. 

Exercises XXXni., p. 132. 

1. 618*6 sq. ft. 2. 15 acres. 3. 84 sq. ft. 

4. 210 sq. in. 6. £3. 6s. 6. 120 sq. yds. 
7. 2390 sq. yds. 8. 3 ac. 1 r. 9. 133} sq. yds. 

10. 61 ac. 2 r. 1*6 per. 11. 12 ac. 2 r. 7*6832 po. 12. £5. 10s. 

13. £8. 13s. 6-7d. 14. 3000 sq. ft. 16. 150, 200, 250, 15000 sq. yds. 

16. 270 sq. ft. 17. 109*81 sq. ft. 18. 42 ac. l*6po. 

19. 43-3 sq. ft. 20. 3 ac. 3 r. 35 po. 6 ch. 13i yds. 21. 25 chains. 

22. 99-82 sq. ft. 28.38 ft. 24. 2401 ch. 26. 1*46 ac. 
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Exercises XXXIV., p. 130. 

1. 15548 sq. ft. 2. 11408000 acres. 8. 6 ac 3 r. 

4. 1 ac. 2 r. 6. 760375 sq. links. 6. 1428 sq. ft. 

7. 34840 sq. yds. 8. 44 sq. ft. 9. 839*5 sq. ft. 

10. 408-7 sq. ft. 11. 31 ac. 3 r. 16*2728 po. 12. 4950. 

13. 3 ac. 1 r. 9*2 po. 14. 3 ac. 4 r. 16. 23 ; 27. 16. 8*119 ac. 

Exercises XXXV., p. 139. 

1. 20 inches. 2. 300 sq. yds. 3. 25n/6. 

4. 374122 sq. ft. 8. 1039*23 sq. ft. 6. 10 ft. 6 in. 

7. 200 links. 8. 36 yards. 

Miscellajieoas Exercises ZXXVI., p. 141. 

1. f sq. m. 2. £41. 14s. 4*8d. 8. 5s. OJd. 4. £65. 6s. 7*8d. 

6. sTS ac- «• 486 ; £4. Is. Od. 7. 45 yds. 8. 3146 sq. yds. 

9. 1003 ft. 10. 52 sq.ft. 11. 71 yds. 4 in. 12. 10. 

13. 24 ft. 9 in. 14.1080. 16.67*8. 16. £2. 10s. 17. Is. 3d. 

18. 6 yds. 19. 220 yds. ; 55 yds. 20. £3. 8s. 3d. 21. 97^ yds. 

22. 12 min. 4 sec. 23. £22. 13s. 2*2d. 24. 22 acres. 

26. 20*78 ft. 26. £33. 27. 844. 

28. 355680 sq. links. 29. 152*075 sq. chains. 30. £105. 
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Addition, 1 ; in algebra, 66 ; of 
decimal fractionB, 23 ; of vulgar 
fractions, 11. 

Algebraical, expression, 65 ; sunij 
64. 

Angular measurement, 103. 

Angles, comparison of the magni- 
tudes of, 105 ; plane, 103 ; repre- 
sentation and measurement of, 
104. 

Area, British measures of, 114; 
measurement of, 112; metric 
measures of, 115 ; of a hexagon, 
138 ; of a parallelogram, 120 ; of 
any polygon, 140 ; of any quadri- 
lateral, 135; of a rectangle, 119; 
of arhombus, 133 ; of atrapezium, 
134 ; of a triangle, 129 ; unit of, 
113. 

Areas of plane fibres, 117. 

Arithmetic, sim^e methods in, 41. 

Arithmetical mean, 55. 

Averages, 50, 60. 

Brackets, use of, 77, 82. 
British measures, of area, 114 ; of 
length, 94. 

Calipers, 98. 
Cancelling, 16. 

Carpeting, 123 ; estimation of cost 
0^126. 



Chords, scale of, 108. 

Coefficient, 65. 

Comparison of fractions, 11. 

Concrete quantities, decimal parts 
of, 37. 

Continued product, 74. 

Contracted methods, 27 ; of di- 
vision, 32; of multiplication, 
30. 

Conversion, decimals to vulgar 
fractions, 34, 40; measures of 
area, British to metric, 116; 
measures of length, British to 
metric, 97. 

Decimal fractions, 22 ; contracted 
division, 32; contracted multi- 
plication of, 30 ; recurring, 27. 

Degree, 103 ; subdivisions of, 104. 

Direct proportion, 54. 

Distempermg, estimation of, 122. 

Division, 26, 75, 82 ; decimal frac- 
tions, 26, 29 ; of vulgar fractions, 
14. 

Equations, 84; cubic, 85; quadratic, 
85 ; simple, 84, 92. 

Evolution, 44. 

Explanation of symbols, 62. 

Expression, or quantity, 65 ; sym- 
bolical, 83. 

Exponent, 65. 
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Factors, 2, 3, 9. 

Fractions, addition, subtraction, 

and comparison of, 11 ; decimal, 

22 ; definition of, 10. 

Gauge, screw, 100 ; wire, 100. 
Geometrical mean, 55. 
Greatest common measure, 4, 9. 

Hexagon, 138. 

Identity, 85, 92. 

Index, 4, 9, 43, 65. 

Involution, 43. 

Italian method of division, 27. 

Least common multiple, 5, 9. 
Length, 93 ; measurement of, 97 ; 

units of, 93. 
Linings, 125. 

Mean, 61 ; arithmetical, 55 ; geo- 
metrical, 55. 

Mean proportional, 54, 61. 

Measure, 3, 9; greatest common, 4. 

Measurement, 93 ; angular, 103 ; 
of length, 97. 

Measures of area, 114; British, 
114; metric, 115. 

Measures of length, British, 94; 
metric, 96. 

Method, Italian, of division, 27; 
simple arithmetical, 41 ; unitary, 
54. 

Metric measures, of area, 1 15 ; of 
len^h, 96. 

Metric system, 95. 

Mixed numbers, 12. 

Multiple, 3 ; least common, 5, 9. 

Multiplication, 2, 72, 82 ; of deci- 
mals, 24, 29 ; of vulgar fractions, 
14. 

Numbers, mixed, 12 ; prime, 3. 

Operations, signs of, 1. 

Painting, estimation of, 122. 
Papering, estimates for, 122. 



Parallelogram, 112 ; area of, 120. 
Percentages, 57, 61. 
Perimeter, 121. 
Plane figures, area of, 117. 
Powers, 4, 9, 65. 
Prime numbers, 3, 9. 
Product, 2 ; continued, 74. 
Proportion, 53, 61 ; direct, 54. 
Proportional, mean, '54 ; third, 54. 
Protractor, use of, 107. 

Quadrilateral, 112 ; area of, 135. 

Radian, 103. 

Ratio, 52, 61 ; of small quantities, 

55. 
Recurring decimals, 27, 40. 
Rectangle, 112; area of , 119. 
Rhombus, 112 ; area of, 133. 
Root, square, 44. 

Scale of chords, 108. 

Screw gauge, 100. 

Signs m operations, 1. 

Simple arithmetical methods, 41. 

Simple equations, 84. 

Simplification of fractional expres- 
sions, 16. 

Square, 112. 

Square root, 44 ; of a fraction, 48. 

Square yard, 114. 

Staining, estimation of, 122. 

Submultiples, of metre, 96; of 
yard, 94. 

Subtraction, 1, 68; of decimal 
fractions, 23; of vulgar frac- 
tions, 11. 

Sum, algebraical, 64. 

Surds, Cr. 

Symbols, explanation of, 62. 

Symbolical expression, 83. 

System, British, 93 ; metric, 95. 

Term, algebraic, 65. 

Time, mean solar, 109 ; unit of, 

109. 
The British system, 93. 
The metric system, 95. 
Third proportional, 54, 61. 
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Trapezium, 112 ; area of a, 134. 
Triangles, area of, 129; definitions 
of, 111. 

Unit, of area, 113 ; of time, 109. 

Unitary method, 54. 

Units, of angular measurement, 

103 ; of length, mass, and time, 

93. 



Use of protractor, 107. 
Use of brackets, 77, 82. 

Varnishing, estimation of, 122. 

Wire gauge, 100. 

Yard, multiples and submultiples 
of, 94. 
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